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COMPUTING MISSING DATA USING THE GEOMETRIC
APPROACH

The conventiond gpproach of solving the missng data problem is shown in figure 1. On the left
is the traverse as it exids in the fidd. But, two data items are missng. Depending on the
gtuation, a combination of two items given from g, $, a, or a, are unknown. Then, one
amply draws the sdes of the traverse which are known. Then the unknown lines are grouped
together. Thus, the traverse conssts of an open traverse with line numbers 12, 14 and 15
drawn in agroup. The coordinates of points A and C' are computed by processing this open
traverse. Then the distance and directions between A and C' can be computed and the triangle
composed of AB'C’ is computed using coordinate geometry. There are three basc forms in
which the missng data problem can be formulated. An example from Hashimi [1988] is shown
for each case.

A= Traverse Station
&= Azimuth of line
S= Distance of line

®= Line number

Figurel. Traver se showing missing elements.

1. Missng the distance and direction of the same line. This problem is very smple to solve.
Determinethe X and Y coordinates of each of the pointsin the traverse. Thisusudly means
darting a one known point and going both clockwise and counterclockwise until the
unknown line is reached. Once the coordinates are found, inverse between them to find the
distance and direction of theline,
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2. Missng two distances of two adjacent lines, or two directions of two adjacent lines or a
distance and a direction of two adjacent lines. For example, look at figure 2. The data that
isknown is given in the accompanying table.

—_——

S 807.38"
980 411 58// '&2

Figure 2. Example problem for computing missing data on two adjacent lines.

STA | DISTANCE | AZIMUTH X Y COMMENTS
1 1000.00 | 500.00 Assumed
34591 171° 20 40
2 1052.06 | 15803
807.38 9 41 52
3 185854 | 12003
327.76 340° 27 18"
4 174889 | 42890

Compute the distance and azimuth of line 4-1.
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D,y =+(Xy- X,)* +(Y, - Y,)° =+/(100000- 174889)° +(50000- 42890)°
D, =75226

éx, - X,U €(1000.00- 174889)u
Az, , :tan'le_Xl X“u:tan'lé( )u
&Y.~ Y, 0 & (50000- 42890)

Az, , =275 25 24"

Then solve for the missing dements within triangle 1-4-5. For example, if we know that the
azimuth between points 1 and 5 (Az.5) was 33° 47’ 32" and Az.s = 314° 51’ 18", then the
problem is one of finding the distances between points 1 and 5 and between 4 and 5. Solve
for the interior angles of the triangle by

a=Az,,- Az, =(95°2524") - (33°47'32")

a =61° 37'52'

b=Az, - Az, =(314%5118')- (275°2524")
b = 39° 25 54"
9=180° - (a +b) =180° - |(61° 37'52') + (39° 25 54
g=78°56 14"
Then, usng the sine law, the distances can be easlly computed.

D4-5 — D1-5 — D1-4
sina sinb sing

D, = DraO¢gnp= Wsmgf’zsw
&sin 0o sin78°5614"2

D, , = 48685

D,s =¢—— 2sina = ?ﬂgg n61°37'52"
singg sin78°56'14" @

D, , = 67445
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If the problem was defined in terms of the distances with the unknowns being the directions,
a smilar approach would be used. Here, the cosine law would be utilized to determine the
unknown angles @ and b). The rdaionship of these angles with the azimuths of the lines

between 1 and 5 and between 4 and 5 are shown above.

3. Thelast caseinvolves 2 unknown distances or directions on two nornadjacent lines or an
unknown distance on one line and an unknown direction on another non-adjacent line. The
conventiona approach is one of recondruction of the problem. For example, Hashimi

[1988] gives the following shown in figure 3 and the accompanying table.

2
STA Distoance Azimuth
1
43297 37°42'17"
C
L 7 145°14/20"
3
367.92’ |199°4119*
3 4
602.53" |245°11'32
")
1 2221’43
6

D)

Figure 3. Example of two unknown distances on two nonadjacent lines,

Starting with assumed coordinates of 1000.00 and 1000.00 for point 1, compute the
coordinates of the Ines which have both distance and direction known. For example, the
traverse would be shown by leg 1-2, followed with leg 3-4 (with point 3 of this leg coinciding
with point 2 in the firg line), followed with the last leg, 4-5. Then, the new configuration looks

like that shown in the figure 4.

With the coordinates now known for points A and B, compute the distance and direction

between the two points,
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2

(X - X, )7 +(Ye - Ye)* =+/(100000- 538.28)° +(100000- 57022)

DAB =
D,, = 63079
L€(Xg - X, )u_ . 6(1000.00- 538.28)U
A =t 1 B A~ =t 1 7
e ey, Ty B S1000.00- 57022)

AzZ,, = 47° 03 07"

1276.54
1357.74

1085.21
823.03

S
Figure4. Construction of tr aver se by combining known sidesinto a group.

With the azimuth between points A and B now know, the angles (@ b, and g) can now be

computed.
a =Az,. - Az,, = (145°1420") - (47°0307") = 98° 1113’

b =Az,, - Az, =(227°0307") - (182°2143') = 44° 41 24"
g=360° - (Az, - AZg,)=360° - [(325°14'20') - (2°21'43')] =37° 07" 23"

Now that the angles are known, use the sine law to compute the corresponding distances.
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Dge = @AB (:)si na = ge 630.79 (:jsin98°1113' =103452
&singo Sin37°0723'2 e
aD,.0 . & 63079 6.
D,.= AB - sinb = &—————~sin44°41'24" = 73504
A~ Ksingo &€sin37°0723' 5 o
Finally, check to see that the results are correct by computing the latitudes and departures
for the whole traverse.
STA | DISTANCE | AZIMUTH LATITUDE DEPARTURE
1
45217 | 37°42 17 +357.74 +276.54
2
735.04 | 145° 14’ 20" -603.86 +419.09
3
567.92 | 199°41' 19" -534.72 -191.34
4
602.53 | 245°11 32 -252.80 -546.92
5
1034.52 2021 43 +1033.64 +42.63
1
0.00 0.00

As one can see, the values work.

COMPUTING MISSING DATA USING THE ANALYTICAL
APPROACH

While the method of rearranging the traverse is commonly used to explain how missng data
from a polygon can be computed, there are aternatives. Root [1970] suggests another
approach by exploiting the condition that in a closed loop traverse the sum of the latitudes and
departures must both equal zero. From this, two equations can be written with two unknowns.
These equations are solved smultaneoudly. The unknowns can be dlassfied into three different
categories.

Category 1 is the Stuation where the two unknowns are both lengths of the traverse. The
following two equations can be written
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D,sinAz, +D,sinAz, +Dx =0
D)
D,cosAz, + D, cosAz, +Dy =0

where D is the distance between two points, Az isthe azimuth of theline, 1 and 2 indicates the
lines with the unknown parameters, and Dx and Dy are the sums of the departures and latitudes
of the known lengths respectively. In the first scenario, the lengths are unknown. This means
that D, and D, are the unknown values. Rearrange the second equation in (1) so that:

_-Dy- D,cosAz,

D 2
CosAz,

This is then inserted into the first equation in (1) to determine the distance of the unknown leg,
D,

DysinAz, + D, cosAz, sinAz,

D,sinAz, - +Dx=0
CosAz,
D,sinAz, cosAz, - DysinAz, - D, cosAz, sinAz, + DxcosAz, =0
D = DysinAz, - DxcosAz, u
1

SinAz, cosAz, - cosAz,SinAz,

g (2)

With D, known solve for D, using either (1a) or (1b). Stoughton [1975] smplifiesthis equation
by recognizing the trig identity: si n(x- y) =sinx cosy - cosx siny. Therefore, (2) becomes

_ DysinAz, - DxcosAz,
sinAz, - Az,)

Dl

3

Stoughton presents this example: Given the following data:

Line | Azimuth Digance
1 36°42' 25 468.38’
2 97° 34 01" D,

3 193° 02" 56" 723.00°
4 222° 15 08" D4

5 346° 28' 20" 967.30’

The sums of the eadtings (Dx) and northings (Dy), or the departures and latitudes, for the known
links are computed as

Computing Missing Datain a Polygon Page 7



Dx =D, sinAz, + D,sinAz, + D sinAz,
Dx = 468..38 sin36°42'25'+72300' sin193°02'56" +967.30' sin246° 2820"
Dx =-109547'

Dy =D, cosAz, + D,cosAz, + D cosAz,
Dy = 468..38 c0s36°42'25"'+723.00'c0s193°02'56"+967.30' c0s246° 28 20"
Dy = 611635

The difference in the azimuths is Az, - Az = 124° 41' 07", Then, the distance, D, is computed
using (3)

_ DysinAz, - DxcosAz, _ 611635'sin222°1508"- (- 109.547') c0s222°1508"
* sinfAz, - Az,) sin124°4107"
=298.75
Alternatively, usng (2), we can find the same vdue using the relationship

DysinAz, - DxcosAz,
SinAz, cosAz, - cosAz,SINAz,
611.635sin222°1508"- (- 109.547) c0s222°15'08"
sin(222°1508") cos 97°34'01") - cos( 222°1508") sin(97°34'01")
= 59875

D, =

In the cdculations, the distance is shown in a negative quantity. Since a distance cannot be
negdtive, use the absolute vaue of thisvalue. Findly, rearranging (1a) gives the distance to line
4.

_-D,sinAz, - Dx _ (-59875sin97°3401") - (- 109547)
SinAz, sin222°1508"
= 719.80"

D4

The next category covers the problem where one length is unknown and the direction of another
traverse course is unknown. Lets assume that Az and D, are unknown. Designating M for the
sn Az and N for the cos Az, then (1a) and (1b) can be rewritten.
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D,sinAz, + D,M +Dx=0

D,cosAz, +D,N+Dy =0

Rearrange into the following form:

SinAz, = - 43
= L (43
D, N+
cosAz, = - D,N+Dy (4b)
Dl
Square each equation
2
sin® Az, = (DM J;DX) (52)
Dl
D,N- Dy)’
cos’ Az, :( 2 sz) (5b)
Dl
Add (53) and (5b)
D,M +Dx)* (D,N +Dy)’
sin® Az, + cos’ Az, :( 2 ) +( 2 sz)
Dl Dl
1
1= F[(DZM +Dx)? +(D,N + Dy)z]
1
D? = D2M? +2D,M Dx + Dx? + D2N? + 2D,N Dy + Dy’
D3(M? + N?) + D,(2MDx + 2NDy) +(Dx” + Dy’ - D}) =0 (6)
(6) isin the form of a quadratic equation and the solution isin the generd forms as:
2
w= bx+b"- 4ac (7)
2a

where:
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a=M? +N? =sin* Az, +cos’ Az,

b =2MDx +2NDy = 2DxsinAz, + 2Dy cosAz,
c=Dx"+Dy’ - Dj

x=D,

With D, known, subgtitute into (4a) or (4b) and solve for Az. As we can see, there are two
vaues for D,. If any of the vaues are negative, these can be ignored. If both values are
positive than an accurate sketch of the areais used to identify the proper vadues for D, and Az.
Looking at a= M? + N? we seethat a= 1. Also recognize that a4 can be factored out of the
radicd. This leads to the solution of the quadratic equation shown in the following form (using
the notation of Stoughton [1975])

_ -2V £4/4V2 - 4U
D, =
2 (8)
=-Vt4V?-U
where:
U=Dx*+Dy*- D3, and
V = DxM +DyN

Example, from Stoughton [1975]. Given the following traverse data, compute D, and Az,

Line | Azimuth Digtance
1 36° 42 25" 468.38'
2 97° 34 01" D,

3 193° 02" 56" 723.00
4 Az, 719.80
5 346° 28’ 20" 967.30°

The solution is as follows.

U= Dx?+Dy? - D2 = (- 109547)° +(611635)" - (719.80)° = - 132,0141216
V = DxsinAz, + DycosAz, = (- 109.547) sin97°34'01" +(611635) cos97°34'01" = - 18913588

Subdtitute these valuesinto (8) yidds:

D, =-V++V’- U=-(-18913588)+ J(- 18913588)” - (- 132,014.1216)
=59875 or - 22048
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The lagt vaue is not possible therefore the solution is D, = 598.75'.  Subgtitute this value into
(4a) or (4b) to solve for the azimuth of line 4.

éD,M +DxU_ _ ,é-598.75sin97°34'01"- (- 109.547)

Az, =sin'g—2———=sin"¢
! & D, | & 719.80

=-42°15'08"

c

AN
-

O C

This result shows that the azimuth is in either the northwest or southwest quadrant. A good
drawing of the traverse would show that it needs to be in the southwest quadrant therefore the
azimuth is 222° 15’ 08”. This should be verified by using this vaue in (1) and check thet the
result isequa to zero.

Stoughton [1975] presents an dternative method of computing the azimuth of the missing line.
His derivation isasfollows Multiply (1a) by -sn Az and (1b) by cos Az,.

- D, sinAz, cosAz, - D, cosAz, sinAz, - DxsinAz, =0
Dl1sinAz, cosAz, +D, sinAz, cosAz, + DycosAz, =0

Add the equations together and rearrange
D, (sinAz, cosAz, - cosAz, sinAz,) = DxsinAz, - DycosAz,
Divide this rdaionship by (D, cos Az) yields

DxsinAz, - DycosAz,

SinAz, - tanAz cosAz, = 9
? ! % D, cosAz, ®)
Define n = tanAz, ad
W = DxsinAz, - DycosAz,
D, cosAz,
Then, (9) becomes
SinAz, - ncosAz, =W
(10)

sinAz, =W+ ncosAz,

Recdll thetrig identity sina =+/1- cos® a which resultsin (10) taking on the form
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\J1- co Az, =W +ncosAz,

Square both sdes and rearrange

1- cos’ Az, =W? +2WncosAz, + n® cos’ Az,
(n2 +:I)cos2 Az, +2WncosAz, +(W2 - 1) =0

In this form, use the quadratic equation to find the cos Az.

- 2Wn [AW?n® - 4(1+n7)(W? - 1)
2(1+ nz)
Factor out &4 yidlds the formula for computing the cosine of the azimuth.

CosAz, =

-VVni;vaznZ-(vvz-rvvznz- 1- n?)
(1+n1)
~Wn=/n? +1- W2
(- n?)

Stoughton points out that there are four solution for the azimuth. Generaly, two of the solutions
can be rgected outright. To check the results of the remaining two, one should have a good-
quality sketch from which the comparison can be made. Using both acceptable azimuths into
equation (1) can hep identify which oneis correct for the particular problem.

cosAz,

The next category pertains to the Situation where the direction of the two lines are unknown
(i.e, Az and Az are unknown). Beginning with (18) and (1b), rearrange into the following
form:

D, sinAz, =- (D, sinAz, +Dx)
D, cosAz, =-(D, cosAz, + Dy)

Square both sides

D?sin’ Az, = (D, sinAz, + Dx)°
2
D? cos? Az, = (D, cosAz, + Dy)
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Add these two equations yields

D? =(D, sinAz, +Dx)° +(D, cosAz, + Dy)’

=D2sin’ Az, + 2D, (sinAz, )Dx + Dx* + D% cos? Az, + 2D, (cosAz, |Dy + Dy?

= D2 +2D,(DxsinAz, +DycosAz, + Dx* +Dy?)

Rearranging
2_ 2. 2 _ 2
DxsinAz, + DycosAz, = Dy- D, - Dx*- By
2D,
Divide both Sidesby ./Dx?Dy?
DxsinAz, DycosAz, D?- D3 - Dx? - Dy?
7" 7 %
(sz + Dyz) () (sz + Dyz) ) 2D2(sz + Dyz) )
Let
sinq:L : COSq:L
(DXZ +Dy2)% (DXZ +Dy2)%
Then

D? - D2 - Dx?- Dy’
2D2(Dx2+Dy2)%

sinAz,sing + cosAz, cosq =

Using the trigonometric identity cos{u- v) = sinusinv +cosucosv, (11) becomes

2 _ 2 _ 2 _ 2
cogAz, - q) = Dy - Dy - DX [})/y
ZDZ(D(Z +DyZ) 2

éz 2 2 2@
Az -q:cos‘leDl' D;- DX - Dy’
, S

20,00 vor §

But, recdl that

(1D)

(12)
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é u
q=cos '€ Dy }/@
& Dx2 2)/2\4
olD* +Dy’) g

which when substituted back into (12) yields

Di-D;-DC-Dy'r s DY o

é
Azzzcosg ( 2+Dy) E]+COS WE (13)

The man problem with this dgorithm is that there are two possible solutions to the problem.
The find determination of the azimuth of the second line will be dependent upon a good drawing
of theareain questions. With this azimuth now known, the azimuth of the firgt line can be found
using (1b) expressed in the following form.

.,6D, cosAz, + Dyu
Az, =cos g2 2 D’/Q
e D, u

Stoughton [1975] presents a different form of this solution- that of a quadratic equation. Here,
the azimuth of the second line is computed using (without derivetion)

- DyJ+,/Dx? +Dy? - Dx2J°

CosAz, = .
ox* +Dy* 0
§ DX o
where
J:Dx2+Dy2-Df+D§

2DxD,

Stoughton then shows that the azimuth of the firgt line can be computed using the same formula
except for the vaue Jwhich is updated and referred to here as K. Thus,

- DyK +,/Dx? + Dy? - Dx?K?
adx’ + Dy? 0
§ > o

CosAZ, =

where
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Dx* +Dy? - D% +D?
2DxD,

K =

Using the example presented in Stoughton [1975], the data are given as

Line | Azimuth Distance
1 36° 42 25" 468.38'
2 Az 598.75'
3 193° 02" 56" 723.00
4 Az, 719.80
5 346° 28’ 20" 967.30°

Then, using the formulas above, adjusted for the unknownsin this problem, compute Jand the
azimuth from 2-3.

_Dx?+Dy?- D2+D? _(-109547)" +(611635)° - (59875)" +(719.80)°

2DxD, B 2(- 109547)(71980)
= - 3460336
e u
2 2 U
Az, =cos* DyJ+JD< +Dy” - DX a
g aDx’ + Dy’ 6 3
8 § D>x o 4
¢
e
€ 611635(- 3.460336)¢J(- 109.547) +(611639)" - (- 109547)°(- 3460336)° G
=cos‘'a
é - 109547)° +(611635)° 0
g - 109547 p
_ 16211646279+ [242,404.2622 U
=C0S & a
a - 35244956 a

As Stoughton points out, there are four possible answers to this quadratic equation. They are:
137° 44’ 52.4” or 222° 15 07.6" when the radica is added and
117° 26 21.4" or 242° 33 38.6" when theradicd is subtracted. Then, solving for
the azimuth between points 2 and 3 isdone as.
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Az, =cos*

K

_Dx*+Dy°- D; +D;

2DxD,
= - 1726506

u

M@ D DD D> D

&

Dx

@XZ-'-D)/ZG
]

a

u
g

-DyK +4/Dx? + Dy? - Dx?K? ¢ _ o 1 EL0559916:+ |
= €

/350,326.4140 U

&

- 3,524.4956

u

A

u

As before, there are four solutions to this quadratic equation. They are: 117°52" 31.2” or 242°
07’ 28.8" when the radicd is added and 97° 34’ 00.2" or 262° 25' 59.8" when theradica is

subtracted

A good drawing of the traverse would show what two angles fit the Stuation the best. Absent a

drawing, there will be two solutions. These are shown in the following two spreadshests.

Traverse caculation usng the solution set of Az = 97° 34 00.2” and Az = 222° 15 07.6"is

shown as.
Traverse Calculation Program
Azimuth
Decimal

Sta [Dist Deg | Min] Sec Degrees | Departure | Latitude
1

468.38] 36 | 42| 25 | 36.70694 | 279.961 | 375.502
2

598.75| 97 | 34| 0.2 | 97.56672 | 593.536 | -78.844
3

723.00f 193] 2 56 | 193.04889] -163.241 | -704.331
4

719.80] 222 | 15| 7.6 | 222.25211] -483.989 | -532.791
5

967.30] 346 | 28 | 20 | 346.47222] -226.268 | 940.464
1

3477.23 0.000 0.000

Traverse cdculaion usng the solution set of Az = 242° 07 28.8" and Az = 117° 26' 21.4%is

shown as:
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Traverse Calculation Program
Azimuth
Decimal

Sta | Dist Deg | Min] Sec Degrees | Departure | Latitude
1

468.38] 36 | 42| 25 | 36.70694 | 279.961 | 375.502
2

598.75] 242 | 7 | 28.8 | 242.12467 ] -529.275 | -279.945
3

723.00f0 193] 2 56 | 193.04889] -163.241 | -704.331
4

719.80] 117 ]| 26| 21.4] 117.43928] 638.822 | -331.690
5

967.30] 346 | 28 | 20 | 346.47222] -226.268 | 940.464
1

3477.23 0.000 0.000

The other solution possibilities do not yield acceptable results when inserted in the traverse
cdculations program.
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