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PROJECTIVE EQUATIONS
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+ Translating ground
coordinates to photo | Y,

PHOTO COORDINATE
SYSTEM

+ Origin at principal point
¢ Defined as: [x'
Y'|= y_yo
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Projective Equaitons

DIRECTION COSINES

* P has coordinates X,
Yo, Zp
+ Length of vector OP

OP = [Xﬁ +YZ+2Z2 ]2

* Direction of

cosa = Xe cosp = Yo

vector wrt the “=op - OP
3 axes are: cosy = Zp
OP

The Center for Photogrammetric Training

DIRECTION COSINES

+ Vector from P 7
to Q defined as o
Xo =X s
@—(Yqvp]—@ I
Z,-Z,

+ Length of vector ¢~

PQ =[x, —xp)2+(YQ—YP)2+(zQ—ZP)2]%

The Center for Photogrammetric Training
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DIRECTION COSINES

+ Direction cosines become:

X, - X
coso = —2——+
PQ
Y, Y
cosp=—2_°F
PQ
Z, -2
cosy=—2——"
PQ

The Center for Photogrammetric Training

Projective Equaitons

DIRECTION COSINES

+ Looking at unit vector, O
to P is

OP = xi + yj+zk

+ P has coordinates

x,y,2)7
+ Given asecond setof «x
coordinate axes I, J, K,
similar relationships can
be formed

The Center for Photogrammetric Training
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DIRECTION COSINES

+ Rotation between Y and x v
axes »

+ Writing unit vector in 7
terms of direction

a
e (0
cosines A ,,,,,,,,,,,, -

i-1) [cos(xX) ’
i=|i-J|=|cos(xY)
i-K| |cos(x2)

+ Similarly for jand k

The Center for Photogrammetric Training

Projective Equaitons

VECTORFROMOTOP

- cos(xX) cos(yX) cos(zX)
OP =x | cos(xY) [+ Yy | cos(yY) |+z | cos(zY)
cos(x2) cos(yZ) cos(zZ)

X X
=|cos(xY) cos(yY) cos(zY)||y|=|Y
y Z

The Center for Photogrammetric Training
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SEQUENTIAL ROTATIONS

Combination Axes of Rotation

2) Pitch (¢p) — Roll () — Yaw (k)

f
1) Roll (m) — Pitch (¢p) — Yaw (1) z
z
X

4) Heading (H) — Pitch (¢) — Roll (o)

5) Azimuth (ct) — Tilt (t) — Swing ()

¥
¥y-—x
3) Heading (H) — Roll () — Pitch (¢ zZ—X-
zZ-y-
zZ-X
Z-X

¥
-z
z

6) Azimuth () — Elevation (h) — Swing (5)

Projective Equaitons

The Center for Photogrammetric Training

DERIVATION OF GIMBAL
ANGLES

+ Coordinate transformation shown as
Xp| | cosa sina || Uy
Y, | |-sina coso ||V,

+ Perform a planar rotation of axes in

sequence: o - primary, ¢ - secondary, « -
tertiary

The Center for Photogrammetric Training
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Projective Equaitons

ROTATION ANGLES IN
PHOTOGRAMMETRY

w— Rotation ¢ — Rotation k — Rotation
about X about Y, about Zs

ZZ Ty
21 2322 ‘3

I

The Center for Photogrammetric Training

o ROTATION

+ In general form:
X,=X;+Y,-0+Z,-0
Y,=X,-0+Y,-coso+Z,-sin®
Z,=X,-0+Y,-(-sin®w)+Z, -cos®

¢ In matrix form:

X, 1 0 0 || X
Y, |= cos® Ssino||Y,;
z, 0 —sino cose||Z,

* More concisely ¢ =m C

The Center for Photogrammetric Training
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Projective Equaitons

¢ ROTATION

* |n general form:
Xy=X,:C0590+Y,-0+Z,-(-sing)
Y,=X,-0+Y,+7Z,-0
Z,=X,-sinp+Y,-0+Z,-cos¢

¢ |n matrix form:

X, cosp 0 —sing||X,
Y,[=| 0 1 0 |[|Y,
Z, sinp 0 cose || Z,
* More concisely: C,=M,C,

The Center for Photogrammetric Training

K - ROTATION

+ In general form:
X'=X;-cosk+Y;-sink+2Z,-0
Y'=X, (-sink)+Y, -cosk+Z,-0
Z'=X,;-0+Y,-0+2Z,

+ In matrix form:

X' cosk sink Of|X,
Y'|=|-sink cosk O||Y,
zZ 0 0 1}|z

+ More concisely: c=m.c,

The Center for Photogrammetric Training
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TRANSFORMATION FROM
SURVEY PARALLEL SYSTEM

xl Xl
=M Y, =M M M, | Y,
Zl Zl

* M becomes, after multiplication

COSECOSK  COS®mSINK +SIiN®SINPCOSK  SiN ®SiN Kk — COS®SIN ¢ COS Kk
Mg =| —cos@sink COS®mCOSK —Sin®SiN@sink  Sin ®COSk + COS®Sin @sin k
sing —sin®cos COS®COS P

The Center for Photogrammetric Training

|

Projective Equaitons

COMPUTING ROTATION
ANGLES

+ |f rotation —my,
matrix known, tanw = m
rotation angles %
can be
computed as sing=m,,
shown on the
right

tank = ~Ma
mll

The Center for Photogrammetric Training
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COLLINEARITY CONCEPT

¢ Line from object
space to perspective
center is same as line
from perspective
center to image point

+ Relationship shown
as: B
a=kMA

The Center for Photogrammetric Training

Projective Equaitons

COLLINEARITY CONCEPT

+ Collinearity condition
X=X, m, m, mg]|| X=X,
Y-V, |=k{my, m, myullY-Y_
—f m, m, Mmgy||lZ-Z,

+ Ground coordinates are translated to the ground
nadir position and rotated to a photo parallel
system then scaled to the photograph

— Predicted photo coordinates

The Center for Photogrammetric Training
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Projective Equaitons

COLLINEARITY CONCEPT

* Expressing the collinearity concept
algebraically:
X=X, = k[mll(x_XL)+le(Y_YL)+m13(Z_ZL)]
Y=Y, :k[m21(X_XL)+m22(Y_YL)+mZS(Z_ZL)
—f :k[m3l(x_xL)+mSZ(Y_YL)+m33(Z_ZL)]

+ Dividing the first 2 equations by the last:
=_f mll(X_XL)+le(Y_YL)+m13(Z_ZL)

XX =T |:m31(X_XL)+m32(Y_YL)+m33(Z_ZL):|
le(x_xL)+mZZ(Y_YL)+m23(Z_ZL)

y=Ye = |:m31(X_XL)+m32(Y_YL)+m33(Z_Z ):|

The Center for Photogrammetric Training

[

L

COLLINEARITY CONCEPT
+ Collinearity equation must satisfy two
conditions:

my;;My, + My My, +My My, = 0

2 2 2 2 2 2
My + My + My =My, + My, +My,

The Center for Photogrammetric Training
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Projective Equaitons

COLLINEARITY CONCEPT

* Since (X - X)), (Y-Y)and (Z-Z2)) are
proportion to the direction cosines of A

the collinearity equation can be shown in

terms of the direction cosines

m,, COSa + m,, COSf3 +m,, COSy
M, COSoL + My, COSP + My, COSY

X=X, =-f

0

¢ m,, COSo. +M,, COS3 + M,, COSY

y- yo =
M, COSoL + My, COSP + M, COSY
The Center for Photogrammetric Training
COLLINEARITY CONCEPT

+ The inverse relationship is

The Center for Photogrammetric Training
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LINEARIZATION OF
COLLINEARITY EQUATION

+ For simplicity, let the projective equations
be shown in the following form

U
F1=(x—xo)+fW=O

Vv
R =(y=yo)+f =0

The Center for Photogrammetric Training

LINEARIZATION OF
COLLINEARITY EQUATION

+ Condition equation shown as:

AV+BA+F=0
+ Design matrix appears as

oF oF OR|oR OF OF OoF OR OF|OF OF OF

ox, oy, of|oX, aY, 0z, oo d¢ ox|oX, oY, oz,

B=
oF, oF, OF,|oF, oF, oF, oF, oF, oF,0F, OF, OF,

ox, oy, of|oX,_ aY, 0Z, oo d¢ ox|oX, oY, oz,

The Center for Photogrammetric Training

Projective Equaitons
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Projective Equaitons

LINEARIZATION OF
COLLINEARITY EQUATION

+ Partial derivatives wrt interior orientation
(X4 Yo, and f only):

oF __, oF _, oF U
oX, oy, of W
oF, _, oF, _ 4 oF, V
oX, oy, of W

The Center for Photogrammetric Training

LINEARIZATION OF
COLLINEARITY EQUATION

+ Partials taken wrt exposure station

oP w? w

au oW

Wl 2= |y | 22
R, (ap) (apj f[av uawj
W P

= = a—P

oP W2 w
where P are the parameters

") V(%)
oF, _ o \oP oP f(av VMJ
P W oP

The Center for Photogrammetric Training
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Projective Equaitons

LINEARIZATION OF
COLLINEARITY EQUATION

+ For the exposure station coordinates, the

partial derivatives of functions U, V, W:
ou ou U

=-m ——=-m =-m
8XL 11 aYL 12 6Z|_ 13
N N _ N _
8XL 21 aYL 22 52,_ 23
ow _ ow _ ow _
6)(,_ 31 aYL 32 6Z|_ 33

The Center for Photogrammetric Training

LINEARIZATION OF
COLLINEARITY EQUATION

+ Partials of the functions F; & F, is

oF, f U oF, f Vv
=S| Myt My S| Myt =My

oX, W W oX, W W

oF, f U oF, f Vv
=My +—Mmy, S T My +—My,

oY, W W oY, W W

oF, f U oF, f \Y
=S| T M+ Mg =S| T My + Mg

oz, W W oz, W W

The Center for Photogrammetric Training
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Projective Equaitons

LINEARIZATION OF
COLLINEARITY EQUATION

+ Partial of orientation matrix wrt the angles:

0 0 O
agﬂ;_MKMﬁgg;_M{o 1
0 -1 0
oM oM { 0 sinw —COSO)]
=M, —2M, =M;|-sine O 0
o o coso 0 0

M, oM 010
= MM, =\ -1 0 0| M,
0 00

The Center for Photogrammetric Training

LINEARIZATION OF
COLLINEARITY EQUATION

ou
i o9 X, - X
+ Partials wrt the %o X
1 1 . oV |_ Mg
orientation angles. %0 | o0 Yi-Y,
. oW z,-2,
ou o
- (
om X=X, T
Fou]
& =% Y=Y, 571( X =X,
om om
V| Mg,
% Zi_ZL g - O Yi YL
L 0w |
% Zi_ZL
L Ok |

The Center for Photogrammetric Training
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Projective Equaitons

LINEARIZATION OF
COLLINEARITY EQUATION

oF, f (au U awj

+ Evaluate the

partials of F, & 50 W

F, wrt
orientation
angles:

o W do

oF _f(ou_Uaow
o

o0 W

o _r(u o)

o W
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LINEARIZATION OF
COLLINEARITY EQUATION

+ Evaluate the oF, _f oV
partials of F, & oo W\ do
F, wrt
orientation
angles: @:L(ﬂ

op W do
o (8
oK oK

The Center for Photogrammetric Training

_XMJ
W ow

V oW
W oo

__Mj
W o
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