
SURE 440 - Advanced Photogrammetry

Coordinate Transformations 1
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BASIC PRINCIPLES

Two coordinate systems: U,V and X,YTwo coordinate systems: U,V and X,Y
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BASIC PRINCIPLES

X-coordinate of PdX +X coordinate of 
point P is

But,

ePdeXP +=

α=∴=α tanYde
Y
detan P
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Ucos PP

BASIC PRINCIPLES
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U
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=
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BASIC PRINCIPLES
For VP: VP = ab + Pb

But,

( ) α−=⇒
−

=α

α=⇒=α

sinbcXab
bcX

absin

tanYbc
Y
bctan

P
P

P
P

And ab becomes
( )

α
α

−α=

αα−=
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sinYsinX

sintanYXab
2

PP

PP

BASIC PRINCIPLES

Pb can be shown to bePb can be shown to be

VP becomes
α
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Y
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BASIC PRINCIPLES

Conversion from U V to X Y can beConversion from U,V to X,Y can be 
developed in a similar fashion

Or in matrix form
α+α−=
α+α=

cosVsinUY
sinVcosUX

PPP

PPP

Or in matrix form

⎥
⎦

⎤
⎢
⎣

⎡
⎥
⎦

⎤
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⎡
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⎣

⎡

P

P

P

P

V
U

cossin
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Y
X

GENERAL AFFINE 
TRANSFORMATION

Normally shown asNormally shown as

Unique solution if
222

111

cybxa'y

cybxa'x

++=

++=

baUnique solution if
0

ba
ba

22

11 ≠
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GENERAL AFFINE 
TRANSFORMATION

Used in photogrammetry for:Used in photogrammetry for:
Transform comparator coordinates to 
photo coordinates and used for correcting 
film distortion
Connecting stereo models
Transform model coordinates to surveyTransform model coordinates to survey 
coordinates

GENERAL AFFINE 
TRANSFORMATION

PropertyProperty
Carry parallel lines into parallel lines
Does not have to preserve 
orthogonality
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GENERAL AFFINE 
TRANSFORMATION

GENERAL AFFINE 
TRANSFORMATION

Physical interpretation:Physical interpretation:

( ) ( )

( ) ( ) ( ) ( ) 'ycosyCsinxC'y

'xsinyCcosxC'x

yx

yx

Δ+ε+α+ε+α−=

Δ+α+α=

6 parameters: Cx, Cy, α, ε, Δx’, Δy’
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GENERAL AFFINE 
TRANSFORMATION

Can be related to linear form of theCan be related to linear form of the 
model

( )
( )cossin

sincos

21

21

CbCb
CaCa

yy

xx

+==
+−==
εαα
εαα

'' 21 ycxc Δ=Δ=

GENERAL AFFINE 
TRANSFORMATION EXAMPLE

• Four fiducial marks (1 - 4) and two image points (a 
and b) were measured on a comparator.  The ) p
comparator photo observations and the known values 
from the camera calibration report are given in the 
following spreadsheet. 

Photo Coordinates Known Values
Point No. x y X Y

1 -111.734 -114.293 -113.007 -112.997
2 111 734 114 293 113 001 112 9892 111.734 114.293 113.001 112.989
3 -114.289 111.699 -112.997 113.004
4 114.280 -111.749 112.985 -112.997

a 74.794 12.202
b -67.123 53.432



SURE 440 - Advanced Photogrammetry

Coordinate Transformations 8

GENERAL AFFINE 
TRANSFORMATION EXAMPLE

6-Parameter Coordinate Transformation Program

Y 112 997:X 112 985:y 111 749:x 114 280:

Y3 113.004:=X3 112.997−:=y3 111.699:=x3 114.289−:=

Y2 112.989:=X2 113.001:=y2 114.293:=x2 111.734:=

Y1 112.997−:=X1 113.007−:=y1 114.293−:=x1 111.734−:=

Input Values:  Note that lower case values represent observed comparator coordinates while the upper 
case represents the known camera calibration coordinates for the respective fiducial values

______________________________________________________________________________________

_____________________________________________________________________________________

yb 53.432:=xb 67.123−:=

ya 12.202:=xa 74.794:=
The measured points are:

Y4 112.997−:=X4 112.985:=y4 111.749−:=x4 114.280:=

GENERAL AFFINE 
TRANSFORMATION EXAMPLE

Solution

Forming the B-matrix and f-matrix:

B

x1

0

x2

0

x

y1

0

y2

0

y

1

0

1

0

1

0

x1

0

x2

0

0

y1

0

y2

0

0

1

0

1

0

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟

:= f

X1

Y1

X2

Y2

X

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟

:=
x3

0

x4

0

y3

0

y4

0

1

0

1

0

0

x3

0

x4

0

y3

0

y4

0

1

0

1

⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟⎠

X3

Y3

X4

Y4

⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟⎠

N BT B( ) 1−
:=
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GENERAL AFFINE 
TRANSFORMATION EXAMPLE

The variance-covariance matrix is: QXX N:=QXX N:

QXX

19.573E-006

1.603E-009−

44.019E-009

0E+000

0E+000

1.603E-009−

19.573E-006

244.661E-009

0E+000

0E+000

44.019E-009

244.661E-009

250E-003

0E+000

0E+000

0E+000

0E+000

0E+000

19.573E-006

1.603E-009−

0E+000

0E+000

0E+000

1.603E-009−

19.573E-006

0E+000

0E+000

0E+000

44.019E-009

244.661E-009

⎛
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟

=

0E+000 0E+000 0E+000 44.019E-009 244.661E-009 250E-003
⎜
⎝

⎟
⎠

GENERAL AFFINE 
TRANSFORMATION EXAMPLE

t BT f:=t B f:=

t

51079.018

583.52

0.018−

578.092−

51078.353

0 001

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

The solution vector is: Δ N t⋅:=

Δ

0.99977

0.01134

0.00211−

⎛
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟

=0.001−⎝ ⎠ Δ
0.01140−

0.99977

0.01222

⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎠
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GENERAL AFFINE 
TRANSFORMATION EXAMPLE
The resisuals are V B Δ⋅ f−:=

V

0.001

0.016

0.001

0.016

0.001−

0 016−

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

=

0.016

0.001−

0.016−

⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎠

The reference variance for the adjustment is

σ
VT V⋅

2
:= σ 0.001( )=

GENERAL AFFINE 
TRANSFORMATION EXAMPLE

The Transformed coordinates become:

Xa Δ1 xa⋅ Δ2 ya⋅+ Δ3+:= Xa 74.913=

Ya Δ4 xa⋅ Δ5 ya⋅+ Δ6+:= Ya 11.359=

Xb Δ1 xb⋅ Δ2 yb⋅+ Δ3+:= Xb 66.504−=

Yb Δ4 xb⋅ Δ5 yb⋅+ Δ6+:= Yb 54.197=
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ORTHOGONAL AFFINE 
TRANSFORMATION

Impose condition of orthogonality (ε =Impose condition of orthogonality (ε  
0) yielding 5 parameters: Cx, Cy, α, Δx’, 
Δy’

'xsinyCcosxC'x yx Δ+α+α=

'ycosyCsinxC'y yx Δ+α+α−=

ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

5-Parameter Coordinate Transformation Program
______________________________________________________________________________________

Solution

Forming the B-matrix and f-matrix:

B

x1 cos α( )⋅

x1− sin α( )⋅

x2 cos α( )⋅

x2− sin α( )⋅

( )

y1 sin α( )⋅

y1 cos α( )⋅

y2 sin α( )⋅

y2 cos α( )⋅

i ( )

Cx− x1⋅ sin α( )⋅ Cy y1⋅ cos α( )⋅+

Cx− x1⋅ cos α( )⋅ Cy y1⋅ sin α( )⋅−

Cx− x2⋅ sin α( )⋅ Cy y2⋅ cos α( )⋅+

Cx− x2⋅ cos α( )⋅ Cy y2⋅ sin α( )⋅−

C i ( ) C ( )

1

0

1

0

1

0

1

0

1

0

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟

:=
x3 cos α( )⋅

x3− sin α( )⋅

x4 cos α( )⋅

x4− sin α( )⋅

y3 sin α( )⋅

y3 cos α( )⋅

y4 sin α( )⋅

y4 cos α( )⋅

Cx− x3⋅ sin α( )⋅ Cy y3⋅ cos α( )⋅+

Cx− x3⋅ cos α( )⋅ Cy y3⋅ sin α( )⋅−

Cx− x4⋅ sin α( )⋅ Cy y4⋅ cos α( )⋅+

Cx− x4⋅ cos α( )⋅ Cy y4⋅ sin α( )⋅−

1

0

1

0

0

1

0

1

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠

N BT B( ) 1−
:=
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ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE
Introducing some intermediate values, a, c and d

a Δy tan α( )⋅ Δx−:= c Δx tan α( )⋅ Δy+:= d cos α( ) sin α( ) tan α( )⋅+:=

X Y ( )⎛ ⎞

f

x1
X1 Y1 tan α( )⋅− a+

Cx d⋅
−

y1
Y1 X1 tan α( )⋅ c−+

Cy d⋅
−

x2
X2 Y2 tan α( )⋅− a+

Cx d⋅
−

y2
Y2 X2 tan α( )⋅ c−+

Cy d⋅
−

( )

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟:=

1.273

1.296−

1.267−

⎛
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟

x3
X3 Y3 tan α( )⋅− a+

Cx d⋅
−

y3
Y3 X3 tan α( )⋅ c−+

Cy d⋅
−

x4
X4 Y4 tan α( )⋅− a+

Cx d⋅
−

y4
Y4 X4 tan α( )⋅ c−+

Cy d⋅
−

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

f
1.304

1.292−

1.305−

1.295

1.248

⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

t BT f⋅:=

11.85⎛
⎜

⎞
⎟

t

11.932

1161.611−

0.009

0.049−

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠

=

The solution vector is: Δ N t⋅:=

Updating the Estimates of the Parameters

Δ

0.00023

0.00023

0.01137−

0.00211

0.01222−

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

= Cx Cx Δ1−:= Cx 0.9998=

Cy Cy Δ2−:= Cy 0.9998=

α α Δ3−:= α 0.011368=

Δx Δx Δ4−:= Δx 0.0021−=
Δy Δy Δ5−:= Δy 0.0122=
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ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

2nd Iteration (abridged)
S l ti dSolution converged

The variance-covariance matrix is: QXX N:=

19.573E-006

65.674E-015−

65.674E-015−

19.573E-006

801.884E-012−

801.893E-012

44.026E-009

2.791E-009

498.717E-012−

244.647E-009
⎛
⎜
⎜

⎞
⎟
⎟

QXX 801.884E-012−

44.026E-009

498.717E-012−

801.893E-012

2.791E-009

244.647E-009

9.791E-006

122.1E-009

23.404E-009−

122.1E-009

250E-003

258.227E-012−

23.404E-009−

258.227E-012−

250E-003

⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎠

=

ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The solution vector is: Δ N t⋅:=

The parameters are sufficiently small enough
to assume that the current estimates are
"correct" based on the discripancy values.

Δ

0.00007−

0.00006−

0.00000−

0.00000−

0 00000

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

=

0.00000⎝ ⎠
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ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The resisuals are V B Δ⋅ f−:=

V

0.003

0.013−

0.004−

0.019−

0.002−

0.02

0.004

0 013

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

0.013⎝ ⎠

The reference variance for the adjustment is

σ
VT V⋅

3
:= σ 0.000( )=

ORTHOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The Transformed coordinates become:

Xa Cx xa⋅ cos α( )⋅ Cy ya⋅ sin α( )⋅+ Δx+:= Xa 74.908=

Ya Cx− xa⋅ sin α( )⋅ Cy ya⋅ cos α( )⋅+ Δy+:= Ya 11.361=

Xb Cx xb⋅ cos α( )⋅ Cy yb⋅ sin α( )⋅+ Δx+:= Xb 66.498−=

Yb Cx− xb⋅ sin α( )⋅ Cy yb⋅ cos α( )⋅+ Δy+:= Yb 54.191=



SURE 440 - Advanced Photogrammetry

Coordinate Transformations 15

ISOGONAL AFFINE 
TRANSFORMATION

Impose additional condition of equalImpose additional condition of equal 
scale (C = Cx = Cy) yielding 4 
parameters: C, α, Δx’, Δy’

'xsinyCcosxC'x Δ+α+α=

'ycosyCsinxC'y Δ+α+α−=

ISOGONAL AFFINE 
TRANSFORMATION

Recall 21 bacosC ==αRecall

Then, dropping subscripts, the 
transformation is:

21

21

absinC

bacosC

=−=α−

α

transformation is:

daybx'y

cbyax'x

++−=

++=
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ISOGONAL AFFINE 
TRANSFORMATION 

Back solutionBack solution

( ) ( )
22 ba

d'ybc'xax
+

−−−
=

( ) ( )
22 ba

d'yac'xby
+

−+−
=

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

4-Parameter Coordinate Transformation Program
______________________________________________________________________________________

Solution

Forming the B-matrix and f-matrix:

x1

y1

x2

y1

x1−

y2

1

0

1

0

1

0

⎛⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟

X1

Y1

X2

⎛⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟

B
y2

x3

y3

x4

y4

x2−

y3

x3−

y4

x4−

0

1

0

1

0

1

0

1

0

1

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

:= f
Y2

X3

Y3

X4

Y4

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

:=
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE
N BT B( ) 1−
:=

The variance-covariance matrix is: QXX N:=

QXX

9.787E-006

0E+000

22.02E-009

122.332E-009

0E+000

9.787E-006

122.332E-009

22.02E-009−

22.02E-009

122.332E-009

250E-003

0E+000

122.332E-009

22.02E-009−

0E+000

250E-003

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=

t BT f:=

t

102157.371

1161.611

0.018−

0.001−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The solution vector is: Δ N t⋅:=

Δ

0.99977

0.01137

0.00211−

0.01222

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

= The resisuals are V B Δ⋅ f−:=

0.002−

0.013

0.004

⎛
⎜
⎜
⎜

⎞
⎟
⎟
⎟

V

0.004

0.019

0.002

0.020−

0.004−

0.013−

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The reference variance for the adjustment is

T

σ
VT V⋅

4
:= σ 0.0003( )=

The Transformed coordinates become:

Xa Δ1 xa⋅ Δ2 ya⋅+ Δ3+:= Xa 74.913=

Ya Δ2− xa⋅ Δ1 ya⋅+ Δ4+:= Ya 11.361=

Xb Δ1 xb⋅ Δ2 yb⋅+ Δ3+:= Xb 66.502−=

Yb Δ2− xb⋅ Δ1 yb⋅+ Δ4+:= Yb 54.195=

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

Another approach where the model is 
t linot linear

⎥
⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎢
⎡

Δ∂
∂

Δ∂
∂

α∂
∂

∂
∂

Δ∂
∂

Δ∂
∂

α∂
∂

∂
∂

'y
y

'x
yy

C
y

'y
x

'x
xx

C
x

B ''''

'
1

'
1

'
1

'
1

'
1

'
1

'
1

'
1

( )

( ) ⎥
⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎢
⎡

αα+α
Δ−αΔ+α−

−

αα+α
Δ−αΔ+α−

−

tansincosC
'ytan'xtanxy

y

tansincosC
'xtan'ytanyx

x

f

'
1

'
1

1

'
1

'
1

1

⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣ Δ∂
∂

Δ∂
∂

α∂
∂

∂
∂

Δ∂
∂

Δ∂
∂

α∂
∂

∂
∂=

'y
y

'x
yy

C
y

'y
x

'x
xx

C
xB

'
4

'
4

'
4

'
4

'
2

'
2

'
2

'
2

MMMM
( )

( ) ⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎣ αα+α
Δ−αΔ+α−

−

αα+α
Δ−αΔ+α−

−
=

tansincosC
'ytan'xtanxy

y

tansincosC
'xtan'ytanyx

x
f

'
4

'
4

4

'
2

'
2

2

M
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

Forming the B-matrix and f-matrix:

B

x1 cos α( )⋅ y1 sin α( )⋅+

x1− sin α( )⋅ y1 cos α( )⋅+

x2 cos α( )⋅ y2 sin α( )⋅+

x2− sin α( )⋅ y2 cos α( )⋅+

x3 cos α( )⋅ y3 sin α( )⋅+

( ) ( )

C− x1⋅ sin α( )⋅ C y1⋅ cos α( )⋅+

C− x1⋅ cos α( )⋅ C y1⋅ sin α( )⋅−

C− x2⋅ sin α( )⋅ C y2⋅ cos α( )⋅+

C− x2⋅ cos α( )⋅ C y2⋅ sin α( )⋅−

C− x3⋅ sin α( )⋅ C y3⋅ cos α( )⋅+

( ) ( )

1

0

1

0

1

0

1

0

1

0

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

:=

x3− sin α( )⋅ y3 cos α( )⋅+

x4 cos α( )⋅ y4 sin α( )⋅+

x4− sin α( )⋅ y4 cos α( )⋅+

C− x3⋅ cos α( )⋅ C y3⋅ sin α( )⋅−

C− x4⋅ sin α( )⋅ C y4⋅ cos α( )⋅+

C− x4⋅ cos α( )⋅ C y4⋅ sin α( )⋅−

0

1

0

1

0

1

⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎠

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

Computing intermediate values

a Δy tan α( )⋅ Δx−:= b Δx tan α( )⋅ Δy−:= d C cos α( ) sin α( ) tan α( )⋅+( )⋅:=

f

x1
X1 Y1 tan α( )⋅− a+

d
−

y1
Y1 X1 tan α( )⋅+ b+

d
−

x2
X2 Y2 tan α( )⋅− a+

d
−

y2
Y2 X2 tan α( )⋅+ b+

d
−

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟:= f

1.2730

1.2960−

1.2670−

1.3040

⎛
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟=f

x3
X3 Y3 tan α( )⋅− a+

d
−

y3
Y3 X3 tan α( )⋅+ b+

d
−

x4
X4 Y4 tan α( )⋅− a+

d
−

y4
Y4 X4 tan α( )⋅+ b+

d
−

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:= f
1.2920−

1.3050−

1.2950

1.2480

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠

=
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

N BT B( ) 1−
:=

Tt BT f:=

t

23.781

1161.611−

0.009

0.049−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=

The solution vector is: Δ N t⋅:=

Updating the current estimates of the 
parameters:

Δ

0.0002

0.0114−

0.0021

0.0122−

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

= C C Δ1−:= C 0.9998=

α α Δ2−:= α 0.01137=

Δx Δx Δ3−:= Δx 0.0021−=

Δy Δy Δ4−:= Δy 0.0122=

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

Second iteration (abridged)
Converged to solution

N BT B( ) 1−
:=

The variance-covariance matrix is: QXX N:=

QXX

9.787E-006

0E+000

23.409E-009

122.074E-009

0E+000

9.791E-006

122.102E-009

23.414E-009−

23.409E-009

122.102E-009

250E-003

0E+000

122.074E-009

23.414E-009−

0E+000

250E-003

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

=
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The solution vector is: Δ N t⋅:=The solution vector is: Δ N t⋅:=

Updating the current estimates of the 
parameters:

Δ

0.0001−

0.0000−

0.0000

0.0000

⎛⎜
⎜
⎜
⎜⎝

⎞⎟
⎟
⎟
⎟⎠

= C C Δ 1−:= C 0.9998=

α α Δ 2−:= α 0.01137=

Δx Δx Δ 3−:= Δx 0.0021−=

Δy Δy Δ 4−:= Δy 0 0122=Δy Δy Δ 4: Δy 0.0122

ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE
The resisuals are 0.003

0 013−
⎛
⎜
⎜

⎞
⎟
⎟V B Δ⋅ f−:=

V

0.013

0.004−

0.019−

0.003−

0.019

0.004

0.013

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

⎝ ⎠
The reference variance for the adjustment is

σ
VT V⋅

4
:= σ 0.0003( )=
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ISOGONAL AFFINE 
TRANSFORMATION EXAMPLE

The Transformed coordinates become:

Xa C xa⋅ cos α( )⋅ C ya⋅ sin α( )⋅+ Δx+:= Xa 74.913=

Ya C− xa⋅ sin α( )⋅ C ya⋅ cos α( )⋅+ Δy+:= Ya 11.361=

Xb C xb⋅ cos α( )⋅ C yb⋅ sin α( )⋅+ Δx+:= Xb 66.502−=

( ) ( )Yb C− xb⋅ sin α( )⋅ C yb⋅ cos α( )⋅+ Δy+:= Yb 54.195=

ISOGONAL AFFINE TRANSFORMATION –
ANOTHER EXAMPLE

Measured:
xUL = 70.057 mm
yUL = -40.014 mm
xLR = 80.067 mm
yLR = -50.026 mm
xPT = 76.0985 mm

yPT = -41.9810 mm

“True”True
x’UL = 70.107 mm
y’UL = -39.843 mm
x’LR = 80.133 mm
y’LR = -49.820 mm
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ISOGONAL AFFINE 
TRANSFORMATION

Differentiating transformation formulasDifferentiating transformation formulas 
with respect to the parameters:

y
b
'x

x
a
'x

UL
UL

UL
UL =

∂
∂

=
∂

∂

0
d
'x

1
c
'x ULUL =

∂
∂

=
∂

∂

ISOGONAL AFFINE 
TRANSFORMATION

Design matrix:Design matrix:

( )

( )

( ) ⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

−
−−
−

=

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

−
=

⎥
⎥
⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎢
⎢
⎡

∂
∂
∂

∂
∂

=
01026.50067.80
10057.70014.40
01014.40057.70

01yx
10xy
01yx

'x
d,c,b,a

'y
d,c,b,a

'x

B
LRLR

ULUL

ULUL

LR

UL

UL

( )

( )

⎥
⎦

⎢
⎣ −−⎥

⎦
⎢
⎣ −

⎥
⎥
⎥
⎥

⎦
⎢
⎢
⎢
⎢

⎣∂
∂

∂ 10067.80026.5010xy

d,c,b,a
'y

d,c,b,a
LRLR

LR
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ISOGONAL AFFINE 
TRANSFORMATION

Discrepancy vector and vectorDiscrepancy vector and vector 
containing the parameters are:

⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡

=Δ
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡
−

=
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡

=
b
a

13380
843.39

107.70

'
'y
'x

f UL

UL

⎥
⎥

⎦
⎢
⎢

⎣
⎥
⎥

⎦
⎢
⎢

⎣−
⎥
⎥

⎦
⎢
⎢

⎣ d
c

820.49
133.80

'y
'x

LR

LR

ISOGONAL AFFINE 
TRANSFORMATION

Normal equations: N = BTBNormal equations: N  B B

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

−−
−

=
02

124.150040.90429.15422
040.90124.1500429.15422

N

⎥
⎦

⎢
⎣ 2
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ISOGONAL AFFINE 
TRANSFORMATION

Constant vector and solution vector areConstant vector and solution vector are 
computed as:

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

=

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡
−

==Δ

⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡
−

== −

c
b
a

014579.0
002547.0

999051.0

tN
240.150
776.33
068.1514

fBt 1T

⎥
⎦

⎢
⎣

⎥
⎦

⎢
⎣−

⎥
⎦

⎢
⎣− d045424.0663.89

ISOGONAL AFFINE 
TRANSFORMATION

Transformed coordinates become:Transformed coordinates become:

( )( ) ( )( )

db'

mm148.76
014579.09810.41002547.00985.76999051.0

cybxa'x PTPTPT

++

=
+−−+=

++=

( )( ) ( )( ) ( )
793.41

045424.09810.41999051.00985.76002547.0
dyaxb'y PTPTPT

−=
−+−+−−=

++−=
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RIGID BODY 
TRANSFORMATION

Condition: orthogonality and no scaleCondition: orthogonality and no scale 
(Cx = Cy = 1)

'i'

'xsinycosx'x

Δ++

Δ+α+α=

3 parameters: α, Δx’, Δy’

'ycosysinx'y Δ+α+α−=

RIGID BODY 
TRANSFORMATION EXAMPLE

3-Parameter Coordinate Transformation Program
______________________________________________________________________________________

SolutionSolution

Forming the B-matrix and f-matrix:

x1− sin α( )⋅ y1 cos α( )⋅+

x1− cos α( )⋅ y1 sin α( )⋅−

x2− sin α( )⋅ y2 cos α( )⋅+

( ) ( )

1

0

1

0

1

0

⎛
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟

B
x2− cos α( )⋅ y2 sin α( )⋅−

x3− sin α( )⋅ y3 cos α( )⋅+

x3− cos α( )⋅ y3 sin α( )⋅−

x4− sin α( )⋅ y4 cos α( )⋅+

x4− cos α( )⋅ y4 sin α( )⋅−

0

1

0

1

0

1

0

1

0

1

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

:=
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RIGID BODY TRANSFORMATION EXAMPLE
N BT B( ) 1−
:=

Computing intermediate values for the computation of the f-matrix:

a Δy tan α( )⋅ Δx−:= c Δx tan α( )⋅ Δy+:= d cos α( ) sin α( ) tan α( )⋅+:=

f

x1
X1 Y1 tan α( )⋅− a+

d
−

y1
Y1 X1 tan α( )⋅ c−+

d
−

x2
X2 Y2 tan α( )⋅− a+

d
−

y2
Y2 X2 tan α( )⋅ c−+

d
−

( )

⎛
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟:=

1.273

1.296−

1.267−

⎛
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟

x3
X3 Y3 tan α( )⋅− a+

d
−

y3
Y3 X3 tan α( )⋅ c−+

d
−

x4
X4 Y4 tan α( )⋅− a+

d
−

y4
Y4 X4 tan α( )⋅ c−+

d
−

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

f
1.304

1.292−

1.305−

1.295

1.248

⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

RIGID BODY 
TRANSFORMATION EXAMPLE

t BT f⋅:= t

1161.611−

0 009
⎛
⎜
⎜

⎞
⎟
⎟

=t B f:= t 0.009

0.049−
⎜
⎝

⎟
⎠

=

The solution vector is: Δ N t⋅:=

α α Δ1−:= α 0.01137=0.01137−⎛
⎜

⎞
⎟Δ 0.00211

0.01222−

⎜
⎜
⎝

⎟
⎟
⎠

= Δx Δx Δ2−:= Δx 0.0021−=

Δy Δy Δ3−:= Δy 0.0122=
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RIGID BODY 
TRANSFORMATION EXAMPLE

2nd Iteration (abbreviated)

N BT B( ) 1−
:=

The variance-covariance matrix is: QXX N:=

9.787E-006 122.074E-009 23.409E-009−⎛
⎜

⎞
⎟QXX 122.074E-009

23.409E-009−

250E-003

291.994E-012−

291.994E-012−

250E-003

⎜
⎜
⎝

⎟
⎟
⎠

=

RIGID BODY 
TRANSFORMATION EXAMPLE
The solution vector is: Δ N t⋅:=

α α Δ1−:= α 0.01137=

Δ

0.00000−

0.00000

0.00000

⎛
⎜
⎜
⎝

⎞
⎟
⎟
⎠

= Δx Δx Δ2−:= Δx 0.0021−=

Δy Δy Δ3−:= Δy 0.0122=

The resisuals are V B Δ⋅ f−:=

0.022

0 006
⎛
⎜

⎞
⎟

V

0.006

0.023−

0.038−

0.016

0.001

0.015−

0.032

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=
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RIGID BODY 
TRANSFORMATION EXAMPLE
The reference variance for the adjustment is

T

σ
VT V⋅

5
:= σ 0.001( )=

The Transformed coordinates become:

Xa xa cos α( )⋅ ya sin α( )⋅+ Δx+:= Xa 74.926=

Ya xa− sin α( )⋅ ya cos α( )⋅+ Δy+:= Ya 11.363=

Xb xb cos α( )⋅ yb sin α( )⋅+ Δx+:= Xb 66.513−=

Yb xb− sin α( )⋅ yb cos α( )⋅+ Δy+:= Yb 54.204=

POLYNOMIAL 
TRANSFORMATION

General formGeneral form

Alternatively

L

L

++++++=

++++++=

xybybxbybbxbb'y

xyayaxayaxaa'x

5
2

4
2

3210

5
2

4
2

3210

Alternatively,
( ) ( )

( ) ( ) L

L

++−++−=

++−+++=

xy2AyxAyAxAB'y

xy2AyxAyAxAA'x

3
22

4120

4
22

3210
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Bilinear Polynomial Coordinate Transformation Program
______________________________________________________________________________________

Forming the B-matrix and f-matrix:

⎛ ⎞ ⎛ ⎞

B

1

0

1

0

1

x1

0

x2

0

x3

y1

0

y2

0

y3

x1 y1⋅

0

x2 y2⋅

0

x3 y3⋅

0

1

0

1

0

0

x1

0

x2

0

0

y1

0

y2

0

0

x1 y1⋅

0

x2 y2⋅

0

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

:= f

X1

Y1

X2

Y2

X3

⎛⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

:=

0

1

0

0

x4

0

0

y4

0

0

x4 y4⋅

0

1

0

1

x3

0

x4

y3

0

y4

x3 y3⋅

0

x4 y4⋅

⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟⎠

Y3

X4

Y4

⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟⎠

Bilinear Polynomial Coordinate Transformation Program
______________________________________________________________________________________

N BT B( ) 1−
:=

The variance-covariance matrix is: QXX N:=

Q XX

0.2500000

0.0000000

0.0000002

0.0000000−

0.0000000

0.0000196

0.0000000−

0.0000000

0.0000002

0.0000000−

0.0000196

0.0000000−

0.0000000−

0.0000000

0.0000000−

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

⎛
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟=Q XX 0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.0000000

0.2500000

0.0000000

0.0000002

0.0000000−

0.0000000

0.0000196

0.0000000−

0.0000000

0.0000002

0.0000000−

0.0000196

0.0000000−

0.0000000−

0.0000000

0.0000000−

0.0000000

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠
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Bilinear Polynomial Coordinate Transformation Program
______________________________________________________________________________________

t BT f:=

t

0.018−

51079.018

583.52

455.444−

⎛
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟t

0.001−

578.092−

51078.353

340.545

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠

=

The solution vector is: Δ N t⋅:= 0.0021−

0.9998
⎛
⎜
⎜

⎞
⎟
⎟

Δ

0.0113

0.0000−

0.0122

0.0114−

0.9998

0.0000−

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

Bilinear Polynomial Coordinate Transformation Program
______________________________________________________________________________________

The resisuals are V B Δ⋅ f−:= 0.000−

0.000
⎛
⎜
⎜

⎞
⎟
⎟

V

0.000

0.000

0.000−

0.000

0.000

0 000

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

=

0.000⎝ ⎠

The reference variance for the adjustment is

σ
VT V⋅

4
:= σ 0.0000( )=
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Bilinear Polynomial Coordinate Transformation Program
______________________________________________________________________________________

The Transformed coordinates become:The Transformed coordinates become:

Xa Δ1 Δ2 xa⋅+ Δ3 ya⋅+ Δ4 xa⋅ ya⋅+:= Xa 74.913=

Ya Δ5 Δ6 xa⋅+ Δ7 ya⋅+ Δ8 xa⋅ ya⋅+:= Ya 11.358=

Xb Δ1 Δ2 xb⋅+ Δ3 yb⋅+ Δ4 xb⋅ yb⋅+:= Xb 66.503−=

Yb Δ5 Δ6 xb⋅+ Δ7 yb⋅+ Δ8 xb⋅ yb⋅+:= Y 54 201b 5 6 b 7 yb 8 b yb Yb 54.201=

PROJECTIVE 
TRANSFORMATION

Frequently used in photogrammetryFrequently used in photogrammetry
General form:

1ydxd
ayaxa

'x
21

321

++
++

=

1ydxd
bybxb

'y
21

321

++
++

=
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PROJECTIVE TRANSFORMATION

( ) ( ) ( )
⎥
⎤

⎢
⎡ ∂∂∂ 111 xFxFxF( ) ( ) ( )

( ) ( ) ( )

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

∂
∂

∂
∂

∂
∂

∂∂∂

= 2

1

2

1

1

1

2

1

2

1

1

1

d
yF

a
yF

a
yF

daa

B

MOMM

L

L

( )
( )

( ) ⎥
⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎢
⎡

−
−

=
12

11

yF
xF

f M

l

l

( ) ( ) ( )
⎥
⎥
⎥
⎥
⎥

⎦⎢
⎢
⎢
⎢
⎢

⎣ ∂
∂

∂
∂

∂
∂

2

n

2

n

1

n

d
yF

a
yF

a
yF

L

MOMM ( )
( ) ⎥

⎥
⎥

⎦⎢
⎢
⎢

⎣ −
−−

nn2

n1n2

yF
xF

l

l

PROJECTIVE TRANSFORMATION 
EXAMPLE

Initial estimates of the parameters are given as follows: The vector of observations

a1 1.0:=

a2 0.0:=
X1⎛⎜

⎜
⎞⎟
⎟

a2 0.0:

a3 0.0:=

b1 0.0:=

b2 1.0:= L

Y1

X2

Y2

X3

Y3

X4

Y

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

:=
b3 0.0:=

d1 0.0:=

d2 0.0:=

Y4⎝ ⎠The denominator of the functional model is:

den

d1 x1⋅ d2 y1⋅+ 1+

d1 x2⋅ d2 y2⋅+ 1+

d1 x3⋅ d2 y3⋅+ 1+

d1 x4⋅ d2 y4⋅+ 1+

⎛
⎜
⎜
⎜
⎜
⎜
⎝

⎞
⎟
⎟
⎟
⎟
⎟
⎠

:=
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PROJECTIVE TRANSFORMATION EXAMPLE

The design matrix, B, is formed as follows:

x1
den1

y1
den1

1
den1

0 0 0
a1 x1⋅ a2 y1⋅+ a3+

den1( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x1⋅

⎡ ⎤

a1 x1⋅ a2 y1⋅+ a3+

den1( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y1⋅

⎡ ⎤

⎡
⎢
⎢
⎢

⎤
⎥
⎥
⎥

B

0

x2
den2

0

x3
den3

0

y2
den2

0

y3
den3

0

1
den2

0

1
den3

x1
den1

0

x2
den2

0

y1
den1

0

y2
den2

0

1
den1

0

1
den2

0

b1 x1⋅ b2 y1⋅+ b3+

den1( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x1⋅

a1 x2⋅ a2 y2⋅+ a3+

den2( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x2⋅

b1 x2⋅ b2 y2⋅+ b3+

den2( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x2⋅

a1 x3⋅ a2 y3⋅+ a3+

d( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x3⋅

b1 x1⋅ b2 y1⋅+ b3+

den1( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y1⋅

a1 x2⋅ a2 y2⋅+ a3+

den2( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y2⋅

b1 x2⋅ b2 y2⋅+ b3+

den2( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y2⋅

a1 x3⋅ a2 y3⋅+ a3+

d( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y3⋅

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥

:=

den3

0

x4
den4

0

den3

0

y4
den4

0

den3

0

1
den4

0

x3
den3

0

x4
den4

y3
den3

0

y4
den4

1
den3

0

1
den4

den3( )2
⎣ ⎦

b1 x3⋅ b2 y3⋅+ b3+

den3( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x3⋅

a1 x4⋅ a2 y1⋅+ a3+

den4( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x4⋅

b1 x4⋅ b2 y4⋅+ b3+

den4( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− x4⋅

den3( )2
⎣ ⎦

b1 x3⋅ b2 y3⋅+ b3+

den3( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y3⋅

a1 x4⋅ a2 y4⋅+ a3+

den4( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y4⋅

b1 x4⋅ b2 y4⋅+ b3+

den4( )2

⎡⎢
⎢⎣

⎤⎥
⎥⎦

− y4⋅

⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

PROJECTIVE TRANSFORMATION EXAMPLE
a1 x1⋅ a2 y1⋅+ a3+

den1

b1 x1⋅ b2 y1⋅+ b3+

den1

⎛⎜
⎜
⎜
⎜
⎜
⎜

⎞⎟
⎟
⎟
⎟
⎟
⎟

FX

a1 x2⋅ a2 y2⋅+ a3+

den2

b1 x2⋅ b2 y2⋅+ b3+

den2

a1 x3⋅ a2 y3⋅+ a3+

den3

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

:=

f L FX−:=

f

1.273−

1.296

1.267

1.304−

⎛
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟b1 x3⋅ b2 y3⋅+ b3+

den3

a1 x4⋅ a2 y4⋅+ a3+

den4

b1 x4⋅ b2 y4⋅+ b3+

den4

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜⎝

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟⎠

f
1.292

1.305

1.295−

1.248−

⎜
⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎟
⎠

=
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PROJECTIVE TRANSFORMATION 
EXAMPLE

N BT B⋅( ):= t BT f⋅:= Δ N 1− t⋅:=( )

Δ

0.00023−

0.01134

0.01409

0.0114−

0.00023−

⎛
⎜
⎜
⎜
⎜
⎜
⎜

⎞
⎟
⎟
⎟
⎟
⎟
⎟

=

0.01348

0

0

⎜
⎜
⎜
⎜
⎝

⎟
⎟
⎟
⎟
⎠

PROJECTIVE TRANSFORMATION 
EXAMPLE

Update estimates of parameters and 
it t t d l tiiterate towards a solution
The transformed coordinates are:

Xa
a1 xa⋅ a2 ya⋅+ a3+

d1 xa⋅ d2 ya⋅+ 1+
:= Xa 74.92187=

Ya
b1 xa⋅ b2 ya⋅+ b3+

d d+ 1+
:= Ya 11.35877=a d1 xa⋅ d2 ya⋅+ 1+ a

Xb
a1 xb⋅ a2 yb⋅+ a3+

d1 xb⋅ d2 yb⋅+ 1+
:= Xb 66.49273−=

Yb
b1 xb⋅ b2 yb⋅+ b3+

d1 xb⋅ d2 yb⋅+ 1+
:= Yb 54.20205=
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TRANSFORMATIONS IN 
THREE DIMENSIONS

General polynomial approachGeneral polynomial approach
transformation is not conformal

L

++++++++=

+++++

++++++++=

87
2

6
2

5
2

43210

2
12

2
11

2
109

87
2

6
2

5
2

43210

yzbxybzbybxbzbybxbb'y

xzayxaxyazxa

yzaxyazayaxazayaxaa'x

L

L

+++++

++++++++=

+++++

2
12

2
11

2
109

87
2

6
2

5
2

43210

2
12

2
11

2
109

xzcyxcxyczxc

yzcxyczcycxczcycxcc'z

xzbyxbxybzxb

TRANSFORMATIONS IN 
THREE DIMENSIONS

Alternative that is conformal in theAlternative that is conformal in the 
three planes

( )

( ) L

L

++++−+−+++−=

++++−−++++=

xyA20yzA2zyxAzAyAxAB'y

xyA2zxaA0zyxAzAyAxAA'x

57
222

64120

67
222

53210

( ) L+++++−−++−+= 0zxA2yzA2zyxAzAyAxAC'z 56
222

71430
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TRANSFORMATIONS IN 
THREE DIMENSIONS

Polynomial
azayaxa

'x 4321 +++
=Polynomial

projective 
transformation

1zdydxd
bzbybxb

'y

1zdydxd

321

4321

321

+++
+++

=

+++

1zdydxd
czcycxc

'z
321

4321

+++
+++

=


