. Survey Review Vol. 27, 210, October 1983

A NOTE ON THE CALCULATION OF THE
x> AND F STATISTICS

K. S. Milford

Department of Surveying, University of Witwatersrand

ABSTRACT

For many survey applications, the calculation of both the y2 and F statistics are required for the
analysis of the confidence regions pertaining to individual or correlated statistics. To facilitate the use
and computation of these parameters, several selected approximations are given and methods are
suggested for the inclusion during the routine least squares adjustment techniques.

INTRODUCTION

The use of least squares adjustment techniques has become standard practice
for the processing of survey data related to precision control surveys in
engineering and allied fields. Associated with the adjustment procedures is the
analysis of the results and in this regard, the use of both the ¥? and F statistics
play an important part [6]. The use of relatively simple approximations to the
rigorous formula describing these distributions, allows the inclusion of an
elementary statistical analysis to be programmed as part of a computer
adjustment routine.

1. THE y? DISTRIBUTION
For n stochastically independent variables u,, u,, us, ..., 4,, each of which are

normally distributed, the distribution of the sum of the squares of these variables
is denoted by the y? distribution, where

u? for v degrees of freedom.
1

>
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The probability distribution function (p.d.f.) for ¥? is given by
PO = — o ()P e ()
=
2

where for v > 2, the Gamma-function T'™? is given by

v v
(§~1>(§—2> ...3.2.1 for n even
G—l) <§—2> 3.3, nfor n odd
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and
()=1 and TE) =n .

The calculation of the y? statistic at a given probability level («) and number of
degrees of freedom (v) becomes complicated if the exact formula as given above
has to be used. However, a commonly used approximation [3], [5] was found to
be adequate for survey purposes as it is simple to calculate and takes up very little .-
space in a computer program. The formula used is:

2 213
2 =ydl-—4U, [=
Foa v{ I \/9}

where U, is the normal variate and has the value of 1-645 for « = 0-95 and 1-960
for « = 0-975.

As can be seen from the accompanying tables relating to the y? distribution,
the percentage differences between the values calculated from the approximate
formula, and values tabulated in any standard set of statistical tables, showed
deviations of less than 29 under the following conditions:

Probability level Degrees of freedom
a = 0025 v>17
oa = 005 v>35
a = 095 v>2
a = 0975 v>2

2. THE FiscHER's (F) DISTRIBUTION

The F distribution describes the statistical distribution of the ratio of variances,
and hence can be derived from the y? distribution since:

2
=¢2>~ and sI=o"%
Va Va

st
The variance ratio F is then given by

_ ﬁXf/‘ﬁ

S3 13/Y2

and the distribution function of F is

r <V1 + Vz)
((v/2)~1)
2 v1/2,,v2/2 F ‘
A&

2 2
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This function may be transformed into a less complicated expression by using the

distribution z, ,, = 3logF, , [7] and using the moment generating function:

v1,v2 VI,Y2

1z) __ N _ v, *'F(%(v1+t))l“(%(v2—t))
Elem) = BUFY) = (”) F&v)IGv,)

1

The moments (¢t = 1,2, 3, ..., n) are all finite.

The need for seeking a relatively simple approximate formula for calculating F
becomes obvious when considering the formula explicitly describing the F
distribution.

2.1 Approximations to the F distribution

Of the various approximations to F, only four methods were selected for this
study, as these methods provide for solutions within the range of the degrees of
freedom normally associated with survey. Method 1 is an exception to these
criteria but was included because of its simplicity.

2.1.1 Method 1

For large values of v; and v,, the z distribution tends towards the normal
distribution with an expected value of 3(v;'—v;!) (= ) and a variance of
v 1 +v; 1Y) (= 6?) [5]. The approximate formula is accredited to Fischer and is
given by:

z =2(vy ' =y D+ U300 +vy D

VsV
or
z = —0+U, 0

v1,v2,a
2.1.2 Method 2

Applying a Cornish—-Fischer type expansion to the z distribution (see [5]), a
more complex expression for the cumutant z is obtained:

Zypa = U0 +30(U2+2)

+ 0 iz(U3+3U)+i oy U+ 11U
12 a @ 36 0_ ( a a)

1 2 9
+ 00 IJ4 + U2 +8
30 ( * ¢ )

53

~ 510 g7 GUIHTUI-10)+ }

This formulae gave values of F (= €??) which consistently differed from the
required values. A scale factor of 1-046957 was applied to the F values as
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calculated from the approximate formula and the expression used in calculating
approximate F values was

= 1-046957¢**

2.1.3 Method 3

Cochran [2], [5] has suggested the use of a modification of the basic formula
from Method 2 and gives as an expression for z:

1 1 -+
Zoyvaa = o {1+ E(Ug_l)} +U,0’ {1— 8 (UZ+3)0'2}

2.1.4 Method 4
Scheffe and Tukey [7] give an alternate method of calculating F when only

one of v, and v, is large. This method is based on the fact that F, , will be
distributed approximately as y; ,, for v, large. The formula is then:

1,-1 -1
! Vi {2V) 1
vaz,a =5+ 2 T2
le,a vZ le,a

For v; = 2, 22 o5 = 599 and the formula then becomes:

599
Fy 05 = (2v,—599)

2.2 Evaluation of Formulae

In order to evaluate the formulae, a computer routine has been used in which
v, was fixed at 2 and v, varied from 5 to 100. The value of F calculated from each
method are compared with standard tabulated values of the F distribution (see
table 3) and plotted in graph 1. Graph 2 illustrates the percentage deviation of the
calculated values of F from the true values.

From the tabulated and graphical data, the following results were obtained:

(i) Method 1 produces values of F with percentage deviations of less than
2% for 9 < v, < 16.

(ii)) For v, < 8, methods 1, 3 and 4 showed deviations of greater than 29,
with the error becoming asymptotic as v, approaches 1.

(iii) Method 4 produces values of F which are within 1% of the tabulated
values for v, > 20 and within 2% for 15 < v, < 19.

(iv) The modified method 2 gave results which differed by less than 0-3% for
v, > 15.
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3. CoNauusioN

The approximate formula for the x? distribution produces results which are
within 2% of the correct values within the range of the degrees of freedom
normally associated with precision surveys. In addition, the simplicity of the
formula lends itself to ease of programming and can therefore be recommended
for general use.

The modification applied to method 2 produced the most accurate results and
the programming of this formula takes no more than 2 to 3 lines depending upon
the computer and language being used. Method 4 is simple in format and can be
recommended for use in the analysis of networks containing more than 15 degrees
of freedom.
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TABLE 1. Approximations of the Chi-squared statistic

% Calc. Tab. Percent Calc. Tab. Percent

Df. -025 025 diff. 975 975 diff.

1 —-00 0-00 412-33 493 5-02 1-83 -
2 003 0-05 48-34 7-34 7-38 0-59
3 0-18 022 16-03 9-32 935 0-27
4 045 0-48 7-18 1113 11-10 —25
5 0-80 0-83 401 12-82 12-80 —17
6 1-21 1-24 275 14-44 14-40 -29
7 1-66 1-69 1-75 16:01 16:00 —-05
8 215 2:18 1-27 17-53 17-50 ~-18
9 2:67 2:70 094 19-02 19-00 —-11
10 322 325 0-84 20-48 20-50 0-09
11 379 3-82 071 21-92 2190 —-09
12 4-38 4-40 0-41 23-34 23-30 —16
13 499 501 0-44 2474 2470 —-15
14 561 5-63 0-38 2612 2610 —-08
15 624 6:26 0-27 27-49 27-50 0-04
16 * 689 6-91 0-30 28-85 28-80 —16
17 7-55 7-56 0-18 30-19 30-20 0-02
18 821 823 0-20 31-53 31-50 —09
19 8-89 891 0-22 3285 3290 014
20 9-57 9-59 0-16 3417 3420 0-08
21 10-27 10-30 0-32 3548 35-50 0-05
22 10-97 11-00 0-30 3678 36-80 0-05
23 11-67 11-70 0-22 38-08 3810 0-06
24 12-39 12-40 0-11 39-37 3940 0-08
25 13-11 1310 —--04 40-65 40-60 —-12
26 13-83 13-80 —22 4193 4190 —-06
27 14-56 14-60 027 4320 43-20 0-01
28 1529 1530 0-03 44-46 44-:50 0-08
29 16:03 16:00 —-21 4573 4570 —-06
30 1678 16-80 0-13 4698 4700 0-04
40 2442 24-40 —-09 59-35 59-30 —-08
50 32-35 3240 016 71-42 71-40 —03
60 40-47 40-50 007 83-30 83-30 —-00
70 48-75 48-80 0-10 95-03 95-00 —-03
80 57-15 57-20 0-09 10663 106-60 —-03
90 6564 65-60 —-06 118-14 118-10 —-03
100 74-22 74-20 —-02 129-56 129-60 0-03
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TABLE 2. Approximations of the Chi-squared statistic

% Calc. Tab. Percent Calc. Tab. Percent
df. 05 -05 diff. 95 95 diff.

1 000 0-00 100-00 375 3-84 2:47
2 0-08 0-10 2331 5-94 599 0-88
3 0-33 0-35 6-79 7-78 7-81 0-44
4 0-69 071 293 9-46 9-49 0-35
S 1-13 1-15 1-91 11-04 11-10 0-50
6 1-62 1-64 1-20 12-57 12:60 024
7 2:15 2:17 072 1405 14-10 037
8 272 273 0-32 1549 1550 0-06
9 331 333 045 16:90 16:50 —02
10 393 394 022 18-29 18-30 0-04
11 457 457 0-08 19-66 19-70 0-19
12 522 5-23 0-22 21-01 21-00 —07
13 5-88 5-89 0-09 2235 2240 022
14 6-56 657 009 23-67 2370 011
15 726 7-26 007 2499 25-00 0-06
16 796 796 0-05 2629 26:30 0-05
17 867 8-67 004 27-58 27-60 0-08
18 9-39 9-39 0-05 28-86 28-90 014
19 10-11 10-10 —12 3014 30-10 —12
20 10-85 10-90 0-49 3140 31-40 —01
21 11-59 11-60 011 3266 32:70 011
22 12-33 12-30 —28 3392 3390 —05
23 13-09 13-10 010 3517 3520 0-10
24 13-84 13-80 —32 3641 36-40 —02
25 14-61 14-60 —-05 3765 3770 014
26 15-38 15-40 016 38-88 38-90 0-05
27 1615 16-20 0-32 40-11 40-10 —02
28 1692 16-90 —-15 41-33 41-30 —08
29 1771 1770 —-03 42:55 42-60 0-11
30 18-49 18-50 0-06 4377 43-80 0-07
40 26'51 26-50 —-03 5576 55-80 008
50 3476 34-80 011 67-50 67-50 —-00
60 4319 4320 0-03 79-08 79-10 0-03
70 51-74 51-50 —-07 90-53 90-50 —03
80 60-39 - 60-40 0-02 101-88 101-90 0-02
90 69-12 69-10 —-04 113-14 113-10 —-04
100 7793 77-90 —-04 124-34 124-30 —-03
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TaBLE 3. Approximations of the F statistic—95%, level

Degrees of freedom Method 1 Method 2 Method 3 Method 4 TaBulated

2 5 519 578 677 747 579
2 6 479 5-14 590 598 514
2 7 4-52 474 536 523 474
2 8 4-32 4-46 498 479 4-46
2 9 418 4:26 471 4-49 4-26
2 10 406 410 4-50 428 410
2 11 397 398 4-34 412 398
2 12 390 3-89 421 399 3-89
2 13 383 381 410 3-89 381
2 14 378 374 401 381 374
2 15 374 368 393 374 368
2 16 3-70 3-63 3-87 368 363
2 17 3-66 3-59 381 364 359
2 18 363 3-55 376 3-59 355
2 19 3-60 352 372 356 352
2 20 3-58 349 3-68 352 3-49
2 21 356 347 364 3-49 347
2 22 354 344 3-61 347 344
2 23 352 342 358 3-44 342
2 24 3-50 340 3-55 342 3-40
2 25 349 338 3-53 340 339
2 26 347 3-37 351 338 337
2 27 346 335 349 337 335
2 28 345 334 347 335 334
2 29 344 333 345 3-34 333
2 30 343 332 344 333 332
2 40 336 323 332 324 323
2 50 331 318 326 319 318
2 60 328 315 321 315 315
2 70 3-26 313 318 313 313
2 80 325 311 316 31 31
2 90 3-24 310 314 310 310
2 100 323 309 313 309 309
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