The Adjustment of Single Control Traverses

P. DONE

Abstract

Methods available for the adjustment of single traverses are discussed; their
theoretical limitations are assessed and the comparative soundness of the Smimoff
procedure is pointed out. A speciman traverse computation is included.

Introduction

EDM traversing with single-second theodolites is a well established procedure for
the establishment of secondary and tertiary control for engineering and topographical
purposes. Due to observational and instrumental errors, closed traverses always result in
some linear closing error even after a distribution of the total angular misclosure. This
must be distributed in some way, such adjustment being aimed not at increasing ‘accuracy’
but at greater internal consistency. Ideally the method should be simple, it should disturb
the observed quantities by a minimal amount and should be ‘correctly’ related to the
probable displacements caused by errors in angular and linear measurements. No such
method exists, and all the various alternatives have their own pecularities'which may lead
to their being more, or less, suitable than others for use in any particwlar case. If the
misclosures are large, then no method of adjustment can act as antidote to poor field
work; if the misclosures are very small, then theoretical arguments for and against any
method may be dismissed as academic, in favour of simplicity. The majority of traverses,
however, fall into an intermediate category and in most cases adjustments are made
without due regard to the principles on which they are based. In particular, the general
use of the Bowditch method is almost unquestioned.

Traverse Adjustment Methods
The methods which will be discussed are as follows:

1. Least Squares
2. Bowditch

3.  Transit

4.  Crandall

5. Smirnoff

1. Least Squares

Based on condition equations, this method should be employed for precise traverses.
Provisional co-ordinates are adopted, these being in any case necessary for computation
of the scale factors and arc-to-chord corrections required for such high order work. The
adjusted values must fulfil three conditions — closures in bearings, eastings and northings.
The equations so formulated may be expressed, in matrix form, by

C.v=gq
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Where q is a vector matrix of misclosures
v is a vector matric of residuals (adjustments to observations)
and  C is a matrix of coefficients.

The least_squares solution is_obtained by minimising (v Tw. v), which is the same as
minimising (v Twy — 2 (C.v—q)Tk), where W is the weight matrix and k the vector
matrix of so-called ‘correlates’ The latter is an intermediate result ebtained from

k = (cw.'ch1g
and v = w.reT g,

If a traverse has n stations between the terminal points A and B, the matrix C has dimen-
sions of [3 x (2n + 3)] and the weight matrix W[(2n + 3) x (2n + 3)]. Adjustment of
most traverses using the rigorous least squares technique therefore involves large matrices
with concomitant complex and lengthy arithmetical operations. This obviously militates
against its use in all but work of high order. The method will therefore not be considered
further in this paper.

2. Bowditch (Compass)

This was originaily developed for compass traverses in which independent bearings
were used at each station: when now used for conventional traverses, the bearings are first
adjusted by distribution of the angular misclosure throughout the traverse. Provisional
co-ordinates are then derived for all stations and the misclosures are then derived for all
stations and the misclosures in easting and northing obtained algebraically by comparison
of the computed and the known values for the easting and the northing of the closing
station. The mathematical treatment due to Bowditch (reference 1) involves formation
of condition equations followed by use of the least squares principle, but simplifying
assumptions are made. These lead to the distribution of each misclosure according to the
well known relationship —

easting adjustment = — [ final misclosure x Z (horizontal distances up
in easting to the station)

% (horizontal distances for all traverse)

with an analogous relationship for the northing adjustment — to give the final adjusted
co-ordinates.

The procedure is simple and easily programmable; it can give results close to those
resulting from rigorous least squares adjustments. It has won such general acceptance,
however, that it is used as a matter of course — often without regard to its disadvantages,
which result from the assumptions made. These may be briefly stated as follows:

1. The displacement at the end of any leg due to the probable error in linear
measurement is equal to the displacement at the end of the same leg caused by the
probable error in bearing.

2. The probable errors in linear measurement are proportional to $* where S =
measured distance.
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3. The probable errors in bearings are proportional to $™%,

The above assumptions would often appear difficult to justify (when distances
are measured by EDM, 2 is particularly unlikely) and it is well known that following
Bowditch adjustment it is necessary to recompute final bearings from the adjusted
co-ordinates, thus often causing large changes in the previously adjusted bearings. The
adjustment in fact produces the same linear “movement” of a station regardless of its
bearing,.

The Bowditch adjustment is not suitable for precise traverses and is not recom-
mended for use in lower order work wherever angles are measured more accurately than
distances. It is probably best in cases where the traverse follows a route more closely
approaching a straight line,

3. Transit

In this method, bearings are adjusted as for the Bowditch method and provisional
co-ordinates and misclosures obtained in a similar way. These misclosures are then used to
adjust the co-ordinates of individual stations in a purely empirical way:

eastings adjustment =  — [ﬁnal misclosure in easting | X AE of leg

Z | (AE in traverse) |

— and similarly for the northing adjustment. This is a procedure without any theoretical
pretension and assuch it is often disregarded in favour of the Bowditch method, although,
as pointed out above, the latter has a theoretical basis having little validity in many
present-day situations. One advantage of the Transit method of adjustment is that it
results in smaller changes to previously adjusted bearings than does the Bowditch method.
It probably is a better method to use where angular measurement is more accurate than
linear measurement.

4. Crandall

This was formerly often preferred to the Bowditch method for reasons similar to
those leading to the choice of the Transit method — viz, cases where angular measure-
ments known to be more accurate than those of distance, and thus any large alterations
in adjusted bearings produced by adjustment being regarded as unacceptable, The Crandall
method (reference 1) goes to the opposite extreme in that it leaves preliminarily adjusted
bearings totally unaltered. Since it is also based on an assumption that errors in linear
measurements are proportional to S*, the advent of EDM has rendered it harder to
justify and the method is now little used. Such obsolescence seems both honourable and
logical and may be contrasted with the apparent indestructibility of the Bowditch
method which has no better theoretical rationale. ‘

5. Smirnoff

This method is analysed below in some detail and a specimen computation is given
(Appendix 1). In the latter, projection and scale factor effects are not included — since
although obviously relevant they do not, per se, affect adjustments; however a com-
parison with co-ordinates produced by a Bowditch adjustment of the same field data is
included.
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Bearing adjustment before computation is not necessary. The method first quantifies
contributions to the total closing error made separately by linear and angular measure-
ments, the unadjusted forward bearings being used for this computation with adequate
accuracy.

Theoretical Basis

The separate and combined effects of small random errors in linear and angular
measurements on the final misclosures can be expressed by the following argument:
In any traverse leg, gain in easting and northing is given by

AE = Ssina
AN = Scosa

AN is thus a product of measured linear distances S and cosine of bearing. Errors ds and
da will contribute separately to errors in northing:

dN = dScosa + Sd(cosa) by differentiating,
dN _ dScosa + Sd (cos )

AN AN AN
. dScosa + S d (cos a)
Scosa Scosa
_ ds + d (cos @)
S cos
or dN = aN33 4 andCes®) o (A)
S cos &

The first term represents the effect due to the error in /inear measurement and the second
that due to error in angular measurement: dN if allotted appropriate sign represents the
combined adjustment necessary at the station,

If this is applied throughout the traverse,

dN, = AN, 4as, + AN, d(cos @)
S COS
- ds, d (cos a3)
dN, AN, S, + AN, “cosa,
iNn = aNe 3 . ANp (cosan)
Sn cosan

. ds .
it is reasonable to assume thatg will be more or less constant over a number of legs of a

of a balanced traverse, i.e. that
das, _ das, _ _ dSn _ dS

S, S, 7 sm s
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and therefore  dN; = AN, S5 4 aN, SCos@) (B)
S cOS
iNn = aNn3S 4 aNp d(cosan)
S cosahn

The total closing error in northing becomes

dN = dN; + ..+ dNn
N = (zan) 8 d i z(ANAC%Q)
Similarly dE = (ZAE) ds + T (AE. d!ssli?aa! )
s . 1 d cos a
s —EIANI[Ile ZI@ON——=)] ..o, ©)
= 1 dsin
oS ‘z|AE|lIdEI—EI(AE TEET (D)

d(cos a) and d(s.in a)
0s & sin «
trigonometrical function involved for a small change in the angle, and can be termed
“precision ratios”. If field work is carried out with 1” theodolites the relevant quantity
in each case is the relative change caused by an error of 1”. Such ratios can easily be

obtained from present day calculators without recourse to tables.

d(cos a) d(sm a)
S a ne

The terms are important; each represents the relative change in the

For each leg, | AN————=| and | AE ——— | are derived,

The columns are then summed and the fractional linear error term %§ obtained from the

equations C and D. (In a traverse having a large number of legs of couise these two ratios
will normally, as a result of balanced distribution of random error, be equal — but in a
short traverse this will not be the case. Since the distribution is not predictable they
should each be determined separately.)

Subsequently the contribution to the required adjustment made by the linear error

is computed for each leg (|AN.%§ | and IAE.% }) and thjé is added to the angular

contribution to give the adjustment.

The necessary sign is allotted to the result by inspection of that of the final mis-
closure to be adjusted out.

It may be noted that the adjustment can be approximated to give the Transit
adjustment — if in any traverse the angular accuracy is much greater than the linear

dcosa
accuracy then terms such as (AN ova )

are neglected and, for example, equation C —

becomes fd—s = —ld—hll—
S Z|AN|
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and substitution of this in equation B gives

AN, .|dN|
N, S| AN|

which is the Transit rule.

It may be argued that there is a subjective element in the selection of the precision
ratio adopted, but in the opinion of the writer this is not a marked disadvantage. In any
class of work the maximum random errors expected should be reasonably well known,
determined as they are by equipment, experience, and observational technique. Thus if.
used for a precise traverse the adjustment may be calculated on the basis of precision
ratios computed for say 07.25 differences, whilst if used for low order work a 10”
difference could be employed.

Specimen Computation

An example of traverse adjustment is given in Appendix 1 to which the following
brief explanatory notes apply.

Column 2 — unadjusted bearings only are required — these give accuracies adequate for
initial determination of AE, AN and precision ratios.

Column 3 — reduced horizontal distances. Summation gives H.

Column 4 — AN for each leg. Algebraic summation, addition to the initial northing (X,
" at the top of column 10) and comparison with the known northing of the
closing station gives the misclosures in northings (C).
Summation with regard to sign gives A.

Column 5 — precision ratios determined from the bearing of each leg.

Column 6 — obtained by multiplication of values in columns 4 and 5 ignoring all signs.
Each term represents the bearing error contribution. Summation D enables

ggs_ to be computed.

Column 7 — obtained by multiplication of termsin column 4 by—ds—S without regard to sign.

This then represents the contribution of the linear errors.

Column 8 — simply the sum of values in columns 6 and 7 and the result given a sign
opposite to that of C.

Column 9 — adjusted values of AN obtained by algebraic summation of values in columns
4 and 8.

Column 10 — adjusted northings obtained by adding values of adjusted AN down the
column, starting with the initial value X.

Columns 11-17 — an exactly similar procedure in eastings.
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The above computation procedure involves only a little more effort than a Bowditch
adjustment; in any case, like the latter, it lends itself very obviously to programming on a
hand calculator (Appendix 2).

For purposes of comparison the Bowditch adjusted co-ordinates are listed in addition
to those produced by this adjustment. It will be seen that the eastings in particular are
significantly different — a case which typifies the Bowditch characteristic of producing
the same linear “movement” of the station regardless of its bearing, It is the writer’s
contention that the co-ordinates produced by the more reasoned Smirnoff adjustment are
more likely to be “‘correct”, It may also be noted that this traverse is one to which the
Bowditch method is perhaps more suited than most in that it is not polygonal in pattern
and follows a roughly NNW’ly quasi-linear route,

Summary

Numerous methods are available for adjustment of a closed traverse survey. Each has
peculiar advantages and disadvantages and generally, an associated theoretical rationale,
yet none is completely satisfactory. Choice of method is probably not important in cases
where misclosures are very small and has little relevance where misclosures are large; in
other cases an’ automatic resort to the Bowditch method is often unjustified. In the
opinjon of the writer the method described in this paper deserves wider attention than it
has apparently received.

Appendix 11

A simple program written for an HP41CV computes values for each leg of the
traverse, of AN, AE, precision ratios for 1” and appropriate products; it also summates
horizontal distances, eastings and northings both algebraically and without regard to sign
— i.e. it provides values for columns 5, 6, 12 and 13 and quantities A, B, H, J, K. Copies
of the listing could be supplied by the author on request.
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Appendix 1
Traverse by Smirnoff Method (Comparison with Bowditch)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
Line | Bearing | Distance aN  |dfeosa)| sy dleosa) | Ay ds. >nm,waﬁwa Adjusted | Adjusted N1 ap | S600) | ppy GINE) | gy 45| adjustment | AdiiSted | Adisted B
“x5) - 1013255 ax1) (ol - 8503655
(Back) | 2671720 x 107 ﬁ% %@
1| 3345438 | 315773 | 2859788 | 2269 | 000065 | 00157 | 00164 | 2859624 | 1ZF2UE | 133808 | 00001 | 000139 | 00444 | 00583 |-1339038 | 8368740
2 | 0323707 99.744 | s40t21| 3103 | 00026 | 0046 | 0049 | 840072 | 13832B N 537664 | 00001 | 000041 | .00178 | 00219 537602 | BA2Z313
3| 0071314 | . 170134 | 1687848 | 0614 | 00010 | 0093 | 0094 | 1687754 | 43313381 513840 | 00004 | 000082 | .00071 | 00153 2384 | $23892
4 | 364540 | 105628 | 1028208 | 1140 | 00012 | 0057 | o0s8 | 1028150 | 45545111 241000 | 00002 | 000050 | .00080 [ 00130 * [ 241913 | 42700
5 326 49 54 671662 | 566376 | 3.168 00018 0031 0032 566340 | ATHAEL ) 370179 | 00001 | 000027 | 00123 | 00150 |- 37.0194 %m%%
6 | 3384452 | 121659 | 1133854 | 1886 |  .00021 0062 | 0064 | 1133790 | 1823820 | 440082 | 00001 | 000055 | 00146 | 00201 |- 44.1002 | S33858L
7 | 3560528 | 133.188 | 132.8782| 0331 00004 | 0073 | 0073 | 132.8709 | 135798 | 90794 | 00007 | 000064 | .00030 | 00094 |- 9.0803 g
8 | 3311307 | 119661 | 1048784 | 2663 00028 0058 | 0061 | 1048723 | Z6LITL | _ 576131 | 00001 | 0000s1‘ | o191 | 00241 |- s7.6155 371881
9 [ 303219 97.535 | 753022 3991 | 00030 004t | o0osa (752978 | 237860 N 19097 | 00001 | 000037 | .00206 | 00243 619916 | S205.898
10 | 2934156 78669 | 316194 | 11046 | 00003 0017 | 0018 | 316176 | BEBAT 4 930349 | 00002 | 000015 | 00239 | 00254 720374 | $137862
(Fwd) | 2854922
H z| 13096532|11562978| D E| 00217 =| 0657 |1156.2316 K |-34770 | G 2| 00561 | 02268 |-384.7929
(x »)  ]2169.5528 ¢x ) 21604866 | (+Y ») | 8137.8847 Y =) | 8137.8621
Tre | 21694870 True 21694870 | True |8137.862 True | 8137.8621
c Misclose () | +0658 ﬁ_wmmmhws 000a)| MO | 100227 Aﬁwmmﬁhws .0000)
A ZIANY |1156.2978 BE|AE| | 515071
wmw_mmﬂ ,\.onﬂ+|mn =11:18815 .MW = LCIZID] - 4000055 mhm = [ELZ1G1 - 9000033
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