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Introduction

Occasionally the surveyor encounters an old
boundary or a closed traverse where two
elements have been omitted. These elements
may be two distances, one distance and one
bearing, or two bearings. In several surveying
textbooks the problems are discussed, and the
method of solution is “brute force.” '

This paper will develop by means of al-
gebraic and trigonometric relationships a set
of formulas to simplify these computations.

General Relationship
[Formulae 1.01-1.14]

For any closed figure of n sides (the sides
are numbered sequentially from 1 to n) the
sum of the latitudes, Ay, and the sum of the
departures, Ax, must equal zero. Or, in
mathematical notation:

Ayt Ayp + Ayz+: -+ Ayjtec+ 8y, =0
(1.01)

Axy + Axg + Axgz +-c-+ Axjte+ Axp =0
(1.02)

The latitudes and departures can be cal-
culated, using bearings of the sides, but it is
more efficient to employ azimuths. For these
problems an azimuth is the direction of a line
reckoned clockwise from North. If § is the
“bearing” angle, the following formulae are
employed to obtain the azimuth of the line:

NBE, a=p

SBE, ‘a=180° -8
SgwW, «=180°+8
NgW, a=360°-8

The formulae to calculate the latitude and
departure for line i are:
Latitude:
Departure:

(1.03)
(1.04)
Note: The sign of cos o; and sin a; is + or —,
depending on the numerical value of the
azimuth, o;.

Substituting (1.03) into (1.01), and (1.04)
into (1.02):

Ay; = sjcos oy
Axj = §j sIin oy

s; cos oy +53 cOsSay tszcosag -

+sycosap =0 (1.05)
sy sinay +sysinoy tsysinag +--
+spsina; =0 (1.06)
Or, rewriting in mathematical notation:
n
Z sjcosa;=0 (1.07)
i=1
n
D sisin aj=0 (1.08)
i=1

Now, anywhere in the polygon (and not
necessarily adjacent sides) two elements (two
distances, one distance and one azimuth, or
two azimuths) are unknown, or omitted. For
convenience call these sides 1 and 2. (For
mathematical purposes we can “rearrange”
the order of the terms in (1.05) and (1.06),
and not alter the problem.) Rewriting (1.07)
and (1.08):

n

s; cosag t 83 COS Q7 +Z: sjcos ;=0 (1.09)
=3
n

sy sin o + sz sinaz +Z sisinog =0 (1.10)

1=3
Equations (1.09) and (1.10) are the same as
(1.07) and (1.08), respectively. The third
term in each equation is the sum of the
latitudes and the sum of the departures for all
the sides whose azimuth and distance are
known. Since this is a number, let:

n

A=Z sj sin ¢ (1.11)
i=3
n

B:Z sj COS @ (1.12)
=3

Then, (1.09) and (1.10) can be rewritten:

(1.13)
spsinqy +sysinay ¥4 =0 (1.14)

Equations (1.13) and (1.14) are the general

spcosa) tsycosay +B=0

217



218 / SURVEYING AND MAPPING ¢ September 1975

condition equations, which must be satisfied,
when two of the four quantities (sy, 54, @,
and a, ) are unknown.

Case I: Two Distances Are Unknown
[s1 ands; ].
[Formulae 2.01-2.04 ]
Multiply (1.14) by cos a;, and multiply
(L.I3) by - sina;:

— sy sin oy cos oy ~ sy sinay cosay - Bsinay =0
$1 8in oy cosay +sp sinap cosay + A cosay =0
Add the resulting equations together and

collect all terms that do not contain s, on the
right-hand side of the equation.

33 [sin @y cos oy = cos g sin ay ]
=Bsina; — A4 cos o

Solve for s, :
Bsina; - A cosay

$2 7 - (2.01)
sin &y €oOs &) ~ €OS ap sin a;
Recall:
sin [x —y] =sinx cosy - cosx siny
Then, (2.01) can be written:
Bsinay — A cos oy
= (2.02)

sin [ap — ay]

Now, multiply (1.13) by - sin a5, and
multiply (1.14) by cos @, :

— sy 8inap cosay sy sinay cosay ~Bsinay =0
sy sinay cos oy + 87 sinay cosag + A cosay =0
Add the resulting equations together and

collect all terms that do not contain s; on the
right-hand side of the equation.

s1 [sin @) cos ap — sin oy cos aq ]
=Bsinay = A cos oy

Solve for s, =
Bsinas - A cosay

L3 Waln N
! SIn &1 COS @y ~ Slh &y COS )

Simplify:
_Bsinay - A cosoy

8 = (2.03)

sin [o; ~as]
Multiply the denominator of (2.02) by -1:
= sin [ay — a;] =~ sin @y cos a; + cos oy sin @
But:
sin [a; — @] =sin @; cos a; ~ cos ay sin ap
Therefore, (2.03) can be rewritten:

Bsinay ~ A cos ay
g2 (2.04)

=sin [ap — o]

Case ll: One Distance and One Azimuth
Are Unknown
[sy and oz ].
[ Formulae 3.01-3.11]
Multiply (1.13) by - sin &;, and multiply
(1.14) by cos o :
~ sy sinag cos oy ~$p cosap sinay ~Bsinay =0
sy sin oy cosay +sg sinay cosay + A cosay =0
Add the resulting equations together and
collect all terms that do not contain a; on the
right-hand side of the equation.
s [sin ap cos @) ~ ¢os ay sin o |
=Bsina; — A4 cos o
Divide both sides by s, cos «; [recall. sin
x/cosx = tanx]:
Bsinay - A cosay

sin @ — tan o) cos @y = 52 Cos @y (3.01)
Let:
v = tan oy (3.02)
Bsinay = A cos oy
Us —————— (3.03)
$§9 COS g
Substitute these into (3.01):
sinay ~vcosay = U
Or:
. sinay = U+vcosay (3.04)
Recall:

sinay =V1- coszaz
Then, (3.04) is:

Vl—c052a2=U+ucosa2

Square both sides:

2042 = U? + 2Uv cos ag + v? cos2a2

1-cos
I{,t:arrarlging:
coszaz +p? coszaz +2Uv cos ap + U*-1=0
Or:
[1+5%]) cosPay + 2Upcosap + [U?~ 1] = 0

Employing the quadratic formula and solving
for cos oy :

-2Up £VaU? - 41 + 2 XU? - 1)
2(1 + %)

COs ap =
Factor out+/4. Then:
- Un VU - (U2 + U%2 -1 - 7]
1+

cos apy =

Or:
~UptVp? +1- U2

(1+v?)

(3.05)

cos ay =
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Solve (1.13) and (1.14) for cos a, and sin
0y, respectively:

S1

cosapy =~ —cosay T T (3.06)
$2 s2
. sy
sinay =~ —sinay ~ (3.07)
$2 $2

Recall:

coszag =1- sin2a2
Substitute (3.00) and (3.07) into this equa-
tion:

s% 2 2s,B B? s% 2
Jcos oy t T3 TCos ay +t—3 =1-73sin"ay
52 s2 52

s2
2
281/1 N A
~—5 sine; 7
52 s2

Clear the equation of fractions. and collect

terms:

(bcoszozl + sinzal)s% +(2B cosa) + 24 sina;) 5y
+(B*+A%-s3)=0

Then:
s% +2(A sina; +Bcosay)s; +(A2 +B? —s%)= 0
(3.08)
Let:
U=A2+B*-4} (3.09)
V=Asina; +Bcosay (3.10)

Then, (3.08) can be written:
sTHaWs; +U=0
Employing the quadratic formula and solving

fors;:
- oV £NVaV? - aU
ST
sy =-VEVVi-U (3.11)

Note: When solving for a, and sy, there are
four solutions for a, and two solutions for
s;. Normally, two of the solutions for a; can
be rejected immediately, and usually one of
the values of s; can be rejected. 1f the prob-
lem is drawn to scale, it will be easy to obtain
the correct solutions. However, if the two
“acceptable” values of a; are nearly the same,
insert the values into (1.13) and (1.14). Only
one of these values will satisfy the equation.

Case lI: Unknown Distance and Azimuth
Are for the Same Line

[s; and oy ].
[Formulae 4.01-4.06]
Let:
D=B+5; cosay (4.01)
C=A+ $2 sin Qg (402)

Then, (1.13) and (1.14) can be written:

sjcosay =-D (4.03)
s1sinay; =-C (4.04)
Divide (4.04) by (4.03):
sy sin oy
tan oy = == (4.05)

spcosay D
Square (4.03) and (4.04) and add together:

2 2 .
51 cos” oy +s% sm2a1 =p? +¢?

Or:
(cos®a; +sina;) st = D% + C?
Or:
si=C*+D?
Then: '
s1=vVD2+(C? (4.06)

.Case Ill: Two Azimuths Are Unknown

[¢; and &, ].
[Formulae 5.01-5.12]
Solve (1.14) for sin a; :
A sy

sina@; =— — - —sina
! $1 st 2

(5.01)
Recall:

coszal =1- sin2a1

Substitute (5.01) into this equation:

. 2
) A 24sy 3
cos“ay=1-| 5+ 3 sinay + 3sin"y
s1

S1 $1
2
31“A2 2As2 . S% .2
== - —3 sinay ~ 3 sin"op
$1 $1 51

‘Therefore:

1
cosay =~ \/\?— A? - 245, sin oy - s% sin2oz2
1

Substitute this expression for cos @; into

(1.13):

\[s% - A% - 245, sinay - 53 sin2.a2
+spcosap +B=0

Transfer the second and third terms of this
expression to the right-hand side of the equa-
tion and square both sides:
s% -A4%- 245, sin ap s% sin2a2

=B% + 2Bs, c04 ap + 2 cos2a2
Rearranging:
s% - A% - 245y sinay - (sin2a2 + coszaz)s% - B?

- 2Bsp cosaz =0 (5.02)

Recall:

-sin2a2 + c052a2 =1
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Therefore, (5.02) becomes:

s1 —Az-Bz—sz 2Asy sin ay — 2Bsy cos ap = 0

Multiply by -1, and solve for sin @, .

2382 1
sin ay =-m cos ap ~ 245, (A2 +B? ‘s? +s%)
(5.03)
Let:
1
U= 2—[472(,42 +BY -2 153 (5.04)
Then, (5.03) becomes:
B
sinay = - g Cos e~ U (5.05)

Recall:
sinay =V1 - cos2a2

Substitute this expression into (5.05)

B
Vvi1- coszozz =T gcosa; - U
Square both sides:
B? 2BU
1- cosza2 = ;l—i coszaz + 7 cos ap + U?
Rearranging:
B +4? 2BU
Tcos ap +7cosa2 +(U2 -1)=0
Employing the quadratic formula, and solving
for cos o, :
2BU 4B*U* (B + A2
et 2 -4< 7 ) (U~ 1)
cos ag = —24 A A
2 o B2+ 4
12
Simplifying:
-BU£VA? + B? - 4212
cosay = B A2 (5.00)
A
Solve (1.14) for sin o, :
. A4 5
sin@y =— — - —sin o, (5.07)
52 52

Then, following the same reasoning:

5 A7 24sy st o,
cos“ay =1 - |3 +—F5 singg + 2sm oy
$2

s2 §2
s2-A2 24s; | s% 2
= 3 - 2 SInQp ~ 5 sinTag
$2 52 $2

Then:

1
cosap =~ \/s% -42- 245y sin @y - 53 sina
2

Substitute this expression for cos a, in
(1.13):

Vi3 -

= 2A4sy sinap — s% sin2a1
+sgcosap +B=0

Transfer the second and third terms of this

expression to the right-hand side of the equa-
tion and square both sides:

-A%- 2Asy sin @ - s“l’ sin2a1
=B?+ 2Bsy cos oy + s% coszal
Rearranging:
s% -A%- 24s; sinayq - (sin2a1 + coszal)sf -B?
~2Bsycosa; =0  (5.08)
Then:

s2 A? - Rp? -sl 2As1 sin ay = 2Bs; cos oy = 0

Multiply by -1 and solve for sin a; :

2Bs 1
sin @y = - 5;1?11 €0 o —m(flz +B? —s% +s%)
(5.09)
Let:
]
U=y (A2 +B2 - +5h (5.10)
Then, (5.09) becomes:
sin ay =-Zcosa1—U (5.11)
Then:
B
v1- cosza1=—Zcosa1 -U
And:
B? 2BU
1- coszal :P cosza'l + 1 cos oy + U?
Rearranging:
B*+4° U 2
—Az—cos ay + cosay; +(U°-1)=0

Employing the quadratic formula, and solving
for cos ay:

_2BU +1/LBZU2 (Bl
A " A2 A?

B® + 42
2—0n
A

~BU £VA? + B* - A%
B*+4*
T4

Note: When solving (5.06) and (5.12), there

are eight possible solutions. However, four

)(U2—1>

cos ap =

Simplifying:

(5.12)

cos oy =
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solutions usually can be rejected immediately.
If the two lines are not nearly parallel and if
the polygon has been drawn to scale, then it 1s
relatively simple to select the correct solution.

Additional Comments

The formulae derived will solve any closed
polygon with two unknown elements. How-
ever, il the angle between the two lines with
the unknown elements is small (less than
about 20°) the solution may be weak, and the

Calculate » and U from (3.02) and (3.03)
respectively [with correct subscripts for this
problemJ.
v = tan oy
=-7.5277 7756
B sinop — A cos oy
- $4 CO8 X T

=-6.2443 8099

Insert these values into formula (305)

—UpEVWE+1-U?

round-off error may be significant. COS g = 1+ %)
Numerical Examples = 47.0063 1109 +4.3214 7414
Figure 1 will be employed to illustrate the 57.6674 3499
three pro.blems. Known data for the three - -0.7401 8962 ;{137044’5];’3
examples: 222°15'08)7
i o sine cosine i
1 36°42'25" +0.5977 2232 +0.8017 0320 468.38
3 193°02'56" -0.2257 8237 -0.9741 7777 723.00
5 346°28'20" -0.2339 1675 +0.9722 5663 967.30

For all numerical examples [ formulae (1.11)
and (1.12)]:
A =5y sinay +s3sin oz +s5sinag = -109.54715
B=s; cosay +s3 cos az +s5 cosas = +611.63500

Case la:
| Given: a, and a4 ; compute s, and s4 ].

i o sine cosine
2 97°34'01"  +0.9912 9168 -0.1316 8451
4 222°15'08" -0.6723 9552 -0.7401 9205

Compute s4 from formula (2.02) (with the
correct subscripts for this problem).
(g - ag) = 124°41°07"
sin (ag ~ ag) = +0.8222 9029
B sinay — A cos oy
LT At
sin {aq — 2]
=719.798 (719.80)
Compute s, from formula (2.04).

B sin ag — A cos ag

sy = -
- sin [ag — az]
=598.750 (598.75)
Case llb:
|Given: &, and s4; compute oy and s ].
i 5 sine cosine
2 97°34'01"  +0.9912 9168 —0.1316 8451

sq = 719.80

152°52'53”3
207°07'06:7
Reject 137°44'51"3 and 152°52'53"3 (the
azimuth of line 4 does not match these
values).

Calculate ¥ and U from (3.09) and (3.10),
respectively (with correct subscripts for this
problem).

=-0.8900 6534 {

U=A%+B*-4}
=-132,014.015

V=Asina, + Bcosay
=-189.13604

8 a
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Insert these values into (3.11).
s2=-VEVVE-U
=+189.1360 £409.6174
= +598.753  (598.75)
==220.481
Reject -220.481 (distance cannot be nega-
tive). To select the correct value of aq, insert
both values of a, into formula (1.14).
g = 222°15'0877 (sine = —0.6723  9803) +593.539
- 483.992 - 109.547 = 0.000
aq = 207°07°06"7 (sine = -0.4558 3275) +593.539
= 328.108 - 109.547 = +155.884
Therefore, ay = 222°15'0877 is the correct

azimuth.

Case lllc:
[Given s, and s4; compute &, and oy ].
s =598.75 and s4 = 719.80

1
:m(Az +B -5+ sd)
= -1.7265 0453

Insert these values into (5.12).

- BU VA% + B? - 42112
A2 +BZ
4
_ +1,055.99070 * 591.88384
- -3,524.4917

- 117°52'31"3
—_04675 4956 24‘2007'28”7
97°34'00.'2
262°25'59.'8
From the figure, the values 242°07'28"7 and
262°25'59"8 can be rejected.
Now, obtain the sines and cosines for the
values of a, and a4 that remain.

o8 0y =

=-0.1316 8051

No. i aj sine cosine
1 2 117°52'31"3 +0.8839 6677 -0.4675 4972
2 2 97°34'0072 +0.9912 9219 -0.1316 8066
3 4 222°15'0775 -0.6723 9372 -0.7401 9368
4 4 242°33'3876 -0.8874 9970 -0.4608 0830

Calculate U from (5.04) (with correct sub-
scripts for this problem).
1

'U:m(Az +B? -s§_+s§)
=-3.4603 3224
2 2
+B
A I =-3,524.4917

Insert these values into (5.06).
-BU+VA® + B* - A%U?
A% + B?
A
_+2,116.46052 £ 492.34572
) -3,524.4917

. 137°44'52"5
=-0.7401 9361 299°15'07"5
117°26'21”4
242°33'3876
From the figure, the values 137°44'52"5 and
117°26'21"4 can be rejected.

Calculate U from (5.10) [with correct sub-
scripts for this problem J.

cos ag =

=-0.4608 0823

Insert these values in various combinations
into formulae (1.13) and (1.14) to obtain the
correct azimuths. For (1.14) the answers for
the combinations 1 and 3, 1 and 4, 2 and 3,
and 2 and 4 respectively are: -64.261,
-219.094, 0.000, and -154.833. The correc
answers are: .

ap = 97°34'00"2

ag = 222°15'07'5
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