5 CIRCLE-CIRCLE INTERSECTION

Surveying Engineering Department
Ferris State University

INTRODUCTION

The circle-circle intersection problem involves the solution of two quadratic equations
(Hashimi, 1988). Writing the equation of a circle for both circles, we have

(X=h} +(v -k ) -Ri =0
(X=h, )+ (¥ -k, J -R; =0

where h; is the x-coordinate of the center of the circle and k; is the y-coordinate. Lets
designate the following

u=R?-R>+h?+h%-2hh, -k +k3
v=h,-h,
w =k, -k,

Then, expanding the equations defining the circles and solving them simultaneously, we
have the following quadratic form

4(w2 +v2)Y2 +4(uw—2v2kl)Y +u? —4v2(Rf —kf) 0

The solution is through the quadratic equation

_ -b++/b% —4ac

2a

Y

where,
a:4(w2 +v2)
b :4(uw—2v2kl)
c:u2—4v2(Rf—kf)

An example using this method is shown in the following MathCAD program.
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CIRCLE-CIRCLE INTERSECTION PROBLEM

h1::5 kl::7 Rl::2
h2 =8 k2 =3 R2:24

U::Rlz_R22+h12+h22_2|:hl[h2_k12+k22

vi=hy, —hg
W:=kl_k2
a:z4[(w2+v2)

bo=acuow - 207 )
c:=u’-40/° E(R12 - k12)

First possible solution:;

:—b+\/b2—4[a[b

Y
! 20
2 2
d:(Yl kl) _Rl
2 2
e=(Y1—k2) _Rz
2 2
Xl::hz —h"-d+e Xy =7.

Second possible solution:

YZ::—b—\/b2—4EH[b

2[h

2 2
X,z M med




SURE 215 - Surveying Calculations Circle-Circle Intersection Page 80

Alternatively, one can use
the triangle solution. This
is best shown by looking at

the example that was just (‘
used. First, compute the ,“
distance and  azimuth "2

between the centers of the &
two circles (shown as O
and O; in the figure.

The distance is found
using the Pythagorean

theorem while the azimuth of the line is found using the arctangent function.

olo2 \/ k _k)
\/ 2

=5

4th,-h, 0 [@8-50

IA\Zolo2 :tan 1%(27 1?%
=143° 07' 48"

The law of sines can be written in a general form as: a*> =b” +c¢* —2bc cosA. This can

. b? +c? —a? ) L )
be rewritten as: CosA :T. A is the angle with sides b and ¢ being the
c
adjacent sides and side a being the opposite length of angle A. Then, using the law of

sines, solve for angle a.

Dépl Déo _Délpl _ 4% +5% =27

2D04Doo,  2(4)6)

cosa =

a =22°19'54"
The azimuth from O to the first point of intersection P, is found by adding a.

Azgp =AZo, +O= (3230 07" 48")+ (220 " 54")
=345° 27' 42"

With the azimuth and distance (this is the radius) known from the origin of circle 2, the X
and Y coordinates are easily computed.



SURE 215 - Surveying Calculations Circle-Circle Intersection Page 81

X, =X, +R,sinAzZ,, =8+4sin345° 27" 42"
=7.00

Yy =Y, +R, COsAZ, , =3+4cos345° 27" 42"
=6.87

As a check, inverse between P; and O;. This should equal the radius of circle 1.

JO =X, f +(Ye Yo, F =4/(7.00-5) +(6.87-7) =2.00=R,

Since there are two points of intersection for this problem, we do the same for the triangle
010,P.

Lets look at a more complex problem to the circle-circle intersection problem. This one
involves the intersection of two horizontal curves. The following data is given:

Curve #1 Xpc = 5097.362 Ypc = 4560.280
Forward azimuth of back tangent: 198° 20’ 50”
Tangent distance = 111.776
Central angle (A) = 50° 58° 52”
Curve is concave left

Curve #2 Xpr = 5094.346 Ypr = 4081.557
Forward azimuth of back tangent: 198° 40’ 38”
Tangent distance = 221.156
Central angle (A) = 29° 20° 33”
Curve is concave left



SURE 215 - Surveying Calculations Circle-Circle Intersection Page 82

5097.362
4560.280

198°20° 50" CURVE #1

111,776\

A = 5058 52"/

198 40" 38”7
221.156 RN

CURVE #2

A = 29° 207 33"

5094.346
4081.557

The problem is to find the following:

The coordinates of the point of intersection of the two circles

The coordinates of the center of the two circles

The arc length from the PCs of both circles to the point of intersection

The distance and azimuth from the PCs of both circles to the point of intersecetion
The central angle from both PCs to the point of intersection.

000D O

The first order is to compute the missing elements of both horizontal curves. For curve
#1:

T _ 111776

and] - (5 0058.52"2)= 234.4427

= A =
T Rtané 0 R

AZpe_ o = AZpe_p —90° =198°20'50" — 90° =108° 20' 50"
Xy = Xpe + RSiNAZ,_, =5097.362 + 234.44275in(108°20'50" )= 5319.8871

Y, = Yse + Rsin Azpc_o = 4560.280 + 234.4427 cos(108°20'50" ) = 4486.4833

Azo oy = Az, o — A =(288°2050") - (50°58'52") = 237° 21'58"
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Xor = Xg + RsiN Az _,; =5319.8871 + 234.4427sin (237°21'58") = 5122.4550

Yor =Y + RCOSAZ, ,; = 4486.4833 + 234.4427 cos (237°2158") = 4360.0556

For curve #2:
221.156

R=_ ' -
- A - 0 1 "
tan A tangg 220 33 E

AZpe o = AZpe_p —90° = (198°40'38") - 90° =108° 40’ 38"

=844.7232

AZyy_or = Az, — A =(198°4038") - (29°20'33") =169° 20 05"
AZpr o = AZpr o +90° = (349°2005") + 90° = 79° 20" 05"
Xo = Xor + RSiNAzyr o =5094.346 +844.7232sin (79°20'05") = 5924.4767

Y, = Yor + RCOSAZ,;_ = 4081557 +844.7232cos (79°2005") = 4237.8909

Xoy = Xpp + TSINAZ,,_,, =5094.346 + 221.156sin (349°20/05") = 5053.4164

Yo, = Yor + TCOSAZ,;_,, = 4081557 + 221.156 cos (349°20'05") = 4298.8926

Xpe = Xpy + TSN AZ,_,. =5053.4164 + 221.1565in (18°40'38") =5124.2386

Yoe = Yo, +TCOSAZ,_pe = 4298.8926 + 221.156 cos (18°40'38") = 4508.4020

With the elements of both horizontal curves now known, we can look at the triangle
formed by the origin of both horizontal curves and the point of intersection of the two

arcs as shown in the next figure.
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Then the distance between the two centers of the circles can be computed using the
Pythagorean Theorem while the azimuth can be determined using the arctangent function.

Do1o2 :\/(on _X01)2 + (YOZ _Y01)2
= [(5924.4767 - 5319.8871)2 + (4237.8909 - 4486.4833)2]
=653.7024

LXK, =Xo, U 1oy [B924.4767 ~5319.8871 (]

@B\_{Oz - Y, 5_ " Fh237.8909 - 4486.4833H

=112° 21'04.5"

The angle measured at the center of circle #2 is found using the cosine law.

et Poo, *RE-R3L 5(653.7024)2 +(234.4427) - (844.7232) U
a=cos™ 3 = cos ]
B 2Doo,R: @ O 2(653.7024)(234.4427) 0

=138°58'58.4"

The angle at the center of circle 1 (B) is also found using the cosine law.
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2

8= cos P00 HRI-RID. . ((653.7024) +(234.4427) - (844.7232) [
§ 2Doo,R. { 0 2(653.7024)(234.4427) 0
=138° 58'58.4"

The coordinates of the point of intersection can now be determined after computing the
azimuth from the origin of the second circle to the point of intersection.

Az, =Az, o —a =(292°21045")-(10°29'40.8")=281° 51 23.7"

X, =X,, +R,sin Az, , =5924.4767 +844.7232sin (281°51'23.7") = 5097.776

Y, =Y, +R,C0sAz, , =4237.8909 +844.7232cos (281°51:23.7") = 4411.450

As a check, compute the coordinates of the point of intersection from the center of circle
#1. Again, the azimuth between O; and P must be determined first.

Az, =Az,, +B=(112"2104.5")+ (138°5858.4")= 251° 20' 02.9"
X, =X, +R,sinAz, , =5319.8871+ 234.4427sin (251°2002.9")=5097.776  (check)
Y, =Y, +R,C05AzZ, , = 4486.4833 + 234.4427 cos (251°2002.9") = 4411.450  (check)

Using basic principles from horizontal curve geometry the other desired elements of this
problem can be found. The degree of curve (D) is computed using the arc-definition.

D, = 360 00'= 360 00'=24° 26'20.9"
R, T234.4427'

D, = 360 00'= 360 00'=6° 46'58.0"
nR, Ti844.7232'

The central angle (&) from the PC to point P is found as follows.

Bocp = AZg e, — A, = (288°20'50") - (251°20102.9")=37° 00" 47.1"

Bocp = AZg pe. — AZq , = (288°4038")- (281°5123.7") = 6° 49'14.3"

The chord distance (c) from the PC to point P can also be easily calculated.
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Cocp = 2R, siN E‘%E: 2(234.4427")sin ! 0247'1 5:148.830'
Coc,p = 2R, siN E‘%E: 2(844.7232)sin 49214'3 %100.499'

The corresponding arc distance from the PC to P is computed using the following
relationship.

. - (8., 000" _ (37°0047. 100 _ o
L 24°26'20.9"

Coc,p =

(8,c.0 00" (6°4914.3")100°
D,  6°46%58.0"

=100.558'

As a rough check, the arc distance cannot be smaller than the corresponding chord
distances. Finally, the azimuth from the PC to P is found by subtracting the deflection
angle at the PC to the point P.

6 (o] 1 1]

AZp o = AZpc . — F’;P = (198°20'50")— ! 00247'1 E:l?g" 50' 26"
6 o] ¥ "

AZye » = AZye o, — szp :(198°40'38")— 49214'3 E:l%" 16' 01"

Lets look at another example that is similar to the last example. The following data is
given:

Curve #1 Xpr =5542.034 Ypr =5090.944
Forward azimuth of back tangent: 341° 49' 54"
Tangent distance = 80.751
Central angle (A) = 26° 15' 33"
Curve is concave left

Curve #2: Xpc =5804.344 Ypc =303° 31' 06"
Tangent distance = 372.526
Central angle (A) = 72° 29' 00"
Curve is concave left
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The diagram of this problem follows:

5542.054
5090.944

5804.544
4911.87/9

0,

Recognizing that the radius of a horizontal curve is found using the relationship

T ..
R =——— then the radii of the two curves are calculated to be:
tan %

80.751

R, = =346.1969
6°15'33"E
tan
E 2
R,=— 12920 _gn5163

? 2°29'00" E
fan
E 2

To compute the coordinates of the origin of circle #1, first compute the azimuth between
the PT and the origin. Then the coordinates can be found using the formula to transform
the polar coordinates to rectangular. These steps are as follows:

AZg oy =AZpep -, =(341°4954")- (26°1533") = 315° 34' 21"

AZgro = AZprp +90° = (135°3421")+90° = 225° 34' 21"
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Xo, =Xpp +R, SN Az, =5542.034+346.1969sin (225°34'21") = 5294.8021

Yo, = Vs +R,COSAZyo =5090.944 +346.1969 cos (225°3421") = 4848.6040

The coordinates of the origin of curve #2 can be computed directly.

Xo, =Xpe, +R,SiNAZ, o =5804.344 +508.2163sin (213°31'06")=5523.7050

Y,, = Yoo, +R,C0SAZ,. o =4911.8798 +508.2163cos (213°3106") = 4488.1744

The distance between the centers of both horizontal curves is found using the
Pythagorean theorem while the azimuth is determined using the arctangent function.

Dolo2 = \/(Xo2 - Xo1)Z + (Yo2 - YO1)2

= [(5523.7050 ~5294.8021) +(4488.1744 - 4848.6040)2]%
= 426.9731

-1 [6523.7050 - 5294.8021 1
Az,, =tan™ 5\(7 ' =147° 34'51.7"
e @ " Fiass.1744 - 484860401

The angle, a, measured at the center of curve #1 between the center of curve #2 and the
point of intersection P is calculated using the cosine law.

,[Dg,o, +R; —RY = E(426 9731) +(508.2163) - (346.1969)* U
a=cos '3 0
8 2Doo,R, @ 0 2(426.9731)(508.2163) 0

=42° 20'59.6"

In a similar fashion, the angles 3 and y can also be computed with the result that all of the
angles being known within the triangle O;0,P.
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3= cost R P RE7D60, 0 1[(346.1969F +(508.2163) - (426 9731 0
8§ 2RDoo, [ 0 2(346.1969)(508.2163) g

=56°11'05.3"
y=cos™ ERf +D5, ~R; 0 cost 5(346.1969)2 +(426.9731) - (508.2163) .
5 2RDoo, H 0 2(346.1969)(426.9731) &

=81° 27'55.1"

For a check: o + B + y = 180° 00’ 00”. To compute the coordinates of the point of
intersection of the two curves, first compute the azimuth from the center of circle #1 to
point P and then use that azimuth to determine the coordinates.

Az, =Az,, —y=(147°3451.7")- (81°2755.1") = 66° 06'56.6"

X, =X, +R,sin Az, , =5294.8021 + 346.1969sin (66°06'56.6") = 5611.352

Y, =YY, +R,c05AZ, , =4848.6040 + 346.1969 cos (66°06'56.6") = 4988.776

As a check, compute the coordinates of point P from the center of circle #2.

Az, , =Az, o +a=(327°3451.7")+ (42°20'59.6")= 9° 55'51.3"
X, =Xo, +R,sinAz, , =5523.7050 +508.2163sin (9°5551.3")=5611.352  (check)

Y, =Y, +R,C0sAz, , =4488.1744 + 508.2163c0s (9°5551.3")= 4988.776 (check)

The central angle from the PC of each horizontal curve to the point of intersection is
calculated next.

AZg oo =AZZy o +0=(45°3421") + (26°15:33") = 71° 49'54"
Boc,p = AZg e, — Az =(71°49'54") - (66°06'56.6")=5° 42 57"

Boc p = AZo oo, ~ AZg , =(33°3106") - (9°5551.3") = 23° 35'15"

The arc length from the PC to P can then be found.
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Crep = RyByc p = (346.1969)| (5°4257.4°) W o°J: 34,537

Cocp = RyBpc.p = (508.2163)[(23°35'14.7")%800] =209.222

Finally, compute the coordinates of the PC for curve #1. With this known, then the
azimuths and chord distances from the two PCs can be simply computed using the
arctangent function and the Pythagorean theorem.

Xpe, =X +R,SiINAZ, . =5294.8021 + 346.1969sin (71°49'54") = 5623.739
Yie, = Yo, +R,COSAZ, .. =4848.6040 +346.1969 cos (71°49'54") = 4956 552

With the coordinates of both PCs and the point of intersection known, compute the
azimuths and distances to P from each PC.

|, [5611.352 -5623.739 _
Az,.,=tan™ Xre, D_ : =338° 58' 23"
PewP B\? Yo, " Fhoss.776 - 4956 552H

Docp =4/ (Xo = Xoe, f + (Yo = Yoc, )= [(5611.352 - 5623.739) + (4988.776 - 4956.552)2]%
=34.523

(Xp = Xpe, B_t ,[6611.352 - 5804.344 [1_

= 291° 43' 29"
.~V 5 Fhoss.776-4011.879H

Az, , =tan™

Dyc,e = (Xo = Xoc, f + (Yo = Yoe, )= [(5611.352 —~5804.344) +(4988.776 — 4911.879)2]%
= 207.748
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